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Abstract. In this paper, we generalize the notion of border bases of zero- 
dimensional polynomial ideals to the module setting. To this end, we intro- 
duce order modules as a generalization of order ideals and module border bases 
of submodules with finite codimension in a free module as a generalization of 
border bases of zero-dimensional ideals in the first part of this paper. In partic- 
ular, we extend the division algorithm for border bases to the module setting, 
show the existence and uniqueness of module border bases, and characterize 
module border bases analogously like border bases via the special generation 
property, border form modules, rewrite rules, commuting matrices, and lift- 
ings of border syzygies. Furthermore, we deduce Buchberger's Criterion for 
Module Border Bases and give an algorithm for the computation of module 
border bases that uses linear algebra techniques. In the second part, we further 
generalize the notion of module border bases to quotient modules. We then 
show the connection between quotient module border bases and special mod- 
ule border bases and deduce characterizations similar to the ones for module 
border bases. Moreover, we give an algorithm for the computation of quotient 
module border bases using linear algebra techniques, again. At last, we prove 
that subideal border bases arc isomorphic to special quotient module border 
bases. This isomorphy immediately yields characterizations and an algorithm 
for the computation of subideal border bases. 



1. Introduction 

Border bases of zero-dimensional ideals have turned out to be a good alternative 
for Grobner bases as they have nice numerical properties, see for instance [Ste04], 
[KPR09], [Mou07] and [MT08]. In the paper [KPU], border bases have been gener- 
alized to subideal border bases. The main difference is that the authors additionally 
ensure that all the computation takes place in a so-called "subideal" . This allows 
them to take external knowledge about the system into account, e. g. if some physi- 
cal properties are known to be satisfied. We use a similar construction in this paper 
in order to generalize border bases and subideal border bases of zero-dimensional 
ideals, i. e. ideals with finite codimension, to the module setting. Therefore, we 
introduce new concepts, namely module border bases and quotient module border 
bases of submodules with finite codimension. 

In Part 1 of this paper, we introduce the notion of module border bases of free 
modules with finite rank as a generalization of border bases to the module setting. 
More precisely, we regard a polynomial ring P in finitely many indetcrminatcs and 
determine bases of P-submodulcs U C P'' with finite codimension similar to border 
bases, where r G N. We show that we can reuse the concepts and ideas of border 
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bases introduced in [KR05, Section 6.4], [KK05], and [KK06] in an almost straight- 
forward way to have corresponding results for module border bases. We firstly 
introduce the basic concepts and a division algorithm for module border bases 
(Theorem 2.14) in Section 2, then we prove the existence and uniqueness of module 
border bases (Proposition 3.1) in Section 3. In Section 4, we characterize module 
border bases via the special generation property (Theorem 4.1), via border form 
modules (Theorem 4.3), via rewrite rules (Theorem 4.8), via commuting matrices 
(Theorem 4.13), and via liftings of border syzygies (Theorem 4.20). Finally, we 
determine Buchberger's Criterion for Module Border Bases (Theorem 4.22), which 
allows us to check easily whether a given module border prebasis is a module border 
basis, or not. At last, we give an algorithm for the computation of module border 
bases which uses linear algebra techniques in Section 5. 

In Part 2, we further generalize the notion of module border bases of free modules 
to module border bases of quotient modules. More precisely, we regard a polyno- 
mial ring P in finitely many indetcrminates and determine bases of P-submodules 
C / S with finite codimension similar to border bases, where r 6 N and 
S C P'' is a given P-submodule. In Section 6, we introduce the basic concepts 
of quotient module border bases. For a quotient module border prebasis, we then 
define characterizing module border prebases (Definition 6.7) and use these char- 
acterizing module border prebases to characterize quotient module border bases 
(Theorem 6.10). As an immediate consequence, we give an algorithm for the com- 
putation of quotient module border bases with linear algebra techniques (Corol- 
lary 6.14) and characterize quotient module border bases similar to module border 
bases via the special generation property (Corollary 6.16), via border form mod- 
ules (Corollary 6.17), via rewrite rules (Corollary 6.18), via commuting matrices 
(Corollary 6.19), via liftings of border syzygies (Corollary 6.20), and via Buch- 
berger's Criterion for Quotient Module Border Bases (Corollary 6.21). 
At last, we show that subideal border bases — which have recently been introduced 
in [KPll] — can be regarded as special quotient module border bases in Section 7. 
Therefore, the characterizations of quotient module border bases in Section 6 imme- 
diately yield corresponding characterizations of subideal border bases (Remark 7.7). 
In particular, we get another proof for the characterization of subideal border bases 
via the special generation property, which has already been proven in [KPll], and 
we get the characterizations of subideal border bases via border form modules, via 
rewrite rules, via commuting matrices, via liftings of border syzygies, and via Buch- 
berger's Criterion for Subideal Border Bases which have not been proven by now. 
Moreover, the algorithm for the computation of quotient module border bases can 
be used to determine an algorithm for the computation of subideal border bases 
with linear algebra techniques (Corollary 7.4). The only way to compute subideal 
border bases by now uses Grobner bases techniques and thus needs, in general, 
much more computational effort (cf. [KPll, Section 6]). Furthermore, we give 
some remarks how the further results about subideal border bases in [KPll], e.g. 
a division algorithm or an index, coincide with our construction of subideal border 
bases as special quotient module border bases. 

For the whole paper, we use the notation and results of [KROO] and [KR05]. In 
particular, we let K he a field and P = K[xi, . . . ,Xn] be the polynomial ring in 
the indetcrminates si, . . . , a;„. Furthermore, we let r G N and {ei, . . . , e^} Q P^ 
be the canonical P- module basis of the free P- module P''. The monoid of all 
terms x"^ ■ ■ ■ x"" G P with ai, . . . , a„ G N is denoted by T" and the monoid of 
all terms tek 6 P'' with t E T" and k E {1, . . . , r} is denoted by T"(ei, . . . , e^). 
The set of all terms in T" with degree d G N is denoted by and we use similar 
constructions, e. g. T"^(ei, . . . , e^) denotes the set of all terms tek G T"(ei, . . . , e^) 
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such that deg{t) < d. Moreover, for any term ordering a on the set of terms 
T"(ei,...,e,.) and F-submodule U C F'', we let LT„{U} = {LT^(V) | V £ U\{0}} 
be the monomodulc of all leading terms of the vectors m U \ {0}, and we let 
0^{U) = T"(ei,...,er) \ LT^{C/}. At last, for every P-module M (respectively 
i^- vector space) and every P-submodulc U 'Z M (respectively vector subspace) , 
we let 

eu ■■ M ^ M/U, m^m + U 
be the canonical P- module epimorphism (if- vector space epimorphism). 

Part 1. Module Border Bases of Free Modules 

In the first part of this paper, wc generalize the results about border bases of 
zero-dimensional ideals in P, i. c. ideals which have finite if-codimension in P, in 
[KR05, Section 6.4], [KK05], and [KK06] to the module setting. We imitate the 
definitions and propositions there in order to have similar results for P-submodules 
[/ C P*" of finite iC-codimension in the free P-module P^. At first, we generalize 
the concepts of border bases and the corresponding division algorithm to module 
border bases in Section 2. Section 3 then shows the existence and uniqueness of 
module border bases. In Section 4, we characterize module border bases the same 
way as border bases have been characterized. At last we determine an algorithm 
that computes module border bases in Section 5. 

2. Module Border Division 

In this section, we generalize the concept of border basis of zero-dimensional 
ideals from [KR05, Section 6.4] to the module setting in a straightforward way. 
We see that the analogs of order ideals, namely order modules, cf. Definition 2.4, 
are also subsets of T"(ei, . . . ,6^) which are closed under forming divisors. This 
allows us to define the concepts of borders in Definition 2.5, of the index of a order 
module in Definition 2.10 and module border bases in Definition 2.13. At last, we 
determine a division algorithm for module border bases in Theorem 2.14. Similar 
to Grobner bases and border bases, this division algorithm plays a central role in 
many proofs. We end up this section with some immediate consequences of this 
division algorithm. 

We start with the definition and properties of order ideals. Our definition of 
order ideals generalizes the order ideals defined in [KR05, Defn. 6.4.3], namely we 
also regard the empty set as an order ideal. Though this seems to be quite a 
technical act, we see in Remark 5.5 that this generalization is necessary. 

Definition 2.1. A set O C T" is called an order ideal if it is closed under 
forming divisors. 

Definition 2.2. Let O C T" be an order ideal. 

a) We call the set 

d^O = dO = ((T^ • O) U {1}) \ O C T" 
the (first) border of O. The (first) border closure of O is the set 

Wo ^dO ^ OUdO C T". 

b) For every fc G N \ {0}, we inductively define the (fc + 1)^* border of O by 
the rule 

d''+^0 = d(d^) C T", 
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and the (fc + 1)^* border closure by the rule 

W^+W = d^Ud''+^0 C T". 
For convenience, we let 

d^O = = O. 

Proposition 2.3. Let O C T" he an order ideal. 

a) For every fc G N, we have a disjoint union 

k 

i=0 

b) We have a disjoint union 

oo 

T" = y d'O. 

i=0 

c) For every k € N \ {0}, we have 

^^(T^0)\(T5fc•0) z/O^0, 

d) Let i G T" fee a term. Then there exists a factorization of the form t = t'b 
with a term t' G T" and b G dO if and only i/ 1 G T" \ C 

Proof. We start to prove claim a) with induction over fc G N. For the induction 
start, Definition 2.2 yields 



= 6>"0 = y d'O 

i=0 

and 

1 

4=0 

For every fc G N \ {0}, Definition 2.2 and the induction hypothesis yield 

k k+1 
1=0 1=0 

Moreover, for every i,j G N with i ^ j, the borders 9*0 and d^O are disjoint 
according to Definition 2.2. Thus the claim follows. 

Since every term in T" is in S'O for some i G N by Definition 2.2, claim b) is a 
direct consequence of claim a). 

We now prove claim c) by induction over fc G N \ {0}. For the induction start 
fc = 1, Definition 2.2 yields 

9^0 = ((T!^ • O) U {!}) \ O 
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For the induction step, we let A: > 1. Then the induction hypothesis and Defini- 
tion 2.2 yield 



= a(((T^,-o)uT;j_2)\(T5,_,-o)) 

= 5((T^fc_i.O)UT^,_2) 

= ((n ■ T^fe-i • O) U (n . Tl,_,)) \ {{Tl,_, ■ O) U T^fe_2) 
^{{ri-0)iJTl_,)\{T%-0). 

IiOy^$, we have 1 G by Definition 2.1, and thus T^_i \ (T^^ ■ O) = 0, and the 
equation above shows 

d'^O = {(Tl ■ O) \ {T% ■ O)) U {Tl_, \ {T% ■ O)) 
= {Tl ■ O) \ (T!i, . O). 

If O = 0, the equation above yields 

a'=O = (0UT^i)\0 = T^i, 

and thus claim c) follows. 

Finally, we prove claim d). We distinguish two cases. 
For the first case, suppose that = 0. Then we have dO = {1} by Definition 2.2 
and for every term < S T" \ O = T", there is the factorization t = t • \. 
For the second case, suppose that 7^ 0. Let t G T" \ C Then there exists a 
k G N\{0}suchthat t G d^O = (T^-0)\(r^fc-0) according to the claims b) andc). 
In particular, we can write t ~ xitit2 with £ G {1, . . . ti G TJJ j^, and t2 G O. 
Assume that xet2 G O. Then we get the contradiction t ~ ti{xet2) G T"j, • O. 
Thus Definition 2.2 yields Xit2 G dO, and the the first implication follows because 
of t = ti{xit2)- For the converse implication, let t' G T" and b G dO. Assume 
that t'b G O. Then Definition 2.1 yields the contradiction b E O. Thus we have 
t'b G T" \ O and the claim follows. □ 

Having defined order ideals of T", we generalize this notion to order module 
setting. We start with the definition of order modules of T"(ei, . . . , e^), the border 
of order modules, and some propositions of them. Our definitions and propositions 
are analogous versions of the corresponding ones in [KR05, Defn. 6.4.3/4] and 
[KR05, Prop. 6.4.6]. 

Definition 2.4. Let Oi, . . . ,Or C T" be order ideals. Then we call the set 
7W = Oi • ei U •••UO^ • e,. C T"(e^, . . . , e^) 

an order module. 

Definition 2.5. Let M = dei U • • ■ U OrCr with order ideals Oi, . . . , O^ C T" 
be an order module. 

a) We call the set 

d^M ^dM^ {{Tl ■ M) U {ei, . . . , e J) \ M 

= aCi • ei U • ■ • U 9a • C T"(ei, . . . , e^) 

the (first) border of M.. The (first) border closure of Ai is the set 



d^M = dM = M^dM 



dOi • ei U ■•• U(90r - e^ C T"(ei, . . . , e^) 
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b) For every fc e N \ {0}, we inductively define the (fc + 1)^* border of A4 by 



= 9*^+^01 • ei U • ■ • U d'^+'^Or ■ e,. C T"(ei, . . . , e,.), 
and the {k + 1)^* border closure of M by the rule 

d'^+'^M = WM U d^+^M 



= 9fc+iOi • ei U • • • U a^+ia ■ er C T"(ei, . . . , e^). 
For convenience, we let 



Example 2.6. Let K be a field, and let 
and 

Then Oi and O2 are both order ideals with first borders 

90i = {x2,x2/,y2}cT2 

and 

and second borders 
and 

Let ei = (1,0) e (il'[a;,y])2 and 63 = (0,1) e (X[a;,j/])2. Then 

M {a::ei,?/ei,ei,a;^e2,x-e2,e2} C (61,62) 
is an order module with first border 

dM ^ {x'^ei,xyei,y'^ei,x^e2,x^ye2,xye2,ye2} C ¥^(61,62) 
and second border 

d'^M = {a;^ei,x^yei,a:y^ei,2/^ei,x''e2,x^?/62,a;^y^62,a;y^e2, 2/^62} C ¥^(61,62). 

Proposition 2.7. Let M = O161 U • • ■ U Or-er with order ideals d, . . . , 0^ C T" 
he an order module. 

a) For every fc G N, we /lawe a disjoint union 

k 
1=0 

b) l^e /laue a disjoint union 



T"(6i,...,e,) = Q a^A^. 



1=0 



c) For every fc G N \ {0}, we have 

d'M = ((T^ ■ M) U TILi(6i, . . . , 6.)) \ (T!i, • A^). 
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d) Let tck G T"(ei, . . . , e,.) be a term. Then there exists a factorization of 
the form tek = t'bek with a term t' G T" and bek G dA4 if and only if 
iefe GT"(ei,...,e,)\X. 

Proof. For every s G {1, . . . , r}, we have {{pi, ■ ■ . ,Pr) E M \ Ps ^ 0} = Os ■ Cs hy 
Definition 2.4. Thus the claim immediately follows from Proposition 2.3. □ 

Since Proposition 2.3 is a natural generalization of [KROS, Prop. 6.4.6], which 
additionally allows empty order ideals, we can define an O-index for an order ideal O 
just the way it has been defined in [KR05, Defn. 6.4.7]. 

Definition 2.8. Let O C T" be an order ideal. 

a) For every term i G T", the number i G N such that t G d^O, which is unique 
according to Proposition 2.3, is called the O-index of t and it is denoted 
by indoit). 

b) For a polynomial p E P \ {0}, we define the O-index of p by 

indci(?') = max{indc)(<) | t E Supp(p)}. 

Now we can immediately deduce the same properties for the O-index of an 
order ideal O, as it has been done in [KR05, Prop. 6.4.8]. Though the proof stays 
essentially the same when we also regard the empty set as an order ideal, we will 
give the proof of the following proposition for the convenience of the reader. 

Proposition 2.9. Let O C T" be an order ideal. 

a) For a term t E T"\0, the number i ~ inde)(i) is the smallest natural number 
such that t = t'b with t' E Tf_^ and b E dO . 

b) Given a term t E T" and a term t' E T", we have 

indo(tt') < deg(t) + indo(t')- 

c) For two polynomials p,q E P\{0} such that p + q ^ 0, we have the inequality 

indoip + <?) < max{indc)(p), mdo{q)}. 

d) For two polynomials p,q E P \ {0}, we have the inequality 

indoipq) < deg(p) + indoiq). 

Proof. Claim a) is a direct consequence of Proposition 2.3, and claim b) follows 
immediately from claim a). Since Supp(p + q) Q Supp(p) U Supp((j'), claim c) 
follows immediately with Definition 2.8. At last, claim d) follows from claim b) 
since Supp(pg) C {tt' \ t E Supp(p),i" G Supp(g)}. □ 

Since Proposition 2.7 is an analogous version of [KR05, Prop. 6.4.6] for an order 
module A4 C T"(ei, . . . , e^), we can now define the A^-indcx similar to the index 
of order ideals in Definition 2.8, and deduce some properties of it as it has been 
done in Proposition 2.9. 

Definition 2.10. Let M = OiCi U • • ■ U O^e^ with order ideals Oi, . . . , O,. C T" 
be an order module. 

a) For every term tet G T"(ei, . . . , e^), the number i G N such that te^ E d^Ai, 
which is unique according to Proposition 2.7, is called the A^-index of tck 
and is denoted by ind»(tefe). 

b) For a vector V ^ {pi, . . . ,pr) E P^ \ {0}, we define the A^-index of V by 

indA4(V) = max{indA4(tefe) | tck E Supp(V)}. 
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Example 2.11. We consider the order module 

M = {xei,?/ei,ei,x^e2, 2:62,62} C 1^(61,62) 
of Example 2.6, again. Then we have 

indjV((a;6i) — 

and 

indA^(x^ 2/^62) = 2. 

Furthermore, we see that 

ind7\4(a;6i + x^y'^e2) = max{0, 2} = 2. 

Proposition 2.12. Let M = ©161 U ■ • ■ UO^er with order ideals Oi,...,Or C T" 
6e an order module. 

a) for a term tck G T"(6i, . . . , 6^) \ A^, the number i — mAM^t^k) is the 
smallest natural number such that t = t'b with t' G Tf^^ ^^i^d, b G dOk- 

b) Given a term i G T" and a term t'ck G T"(6i, . . . , 6^}, we have 

mdM{tt'ek) < deg(t) + indA^(t'6fc). 

c) For two vectors V, W G \ {0} suc/i that V + W 7^ 0, W6 /lawe t/ie inequality 

ind7w(V + W) < max{indA4(V),indA^(W)}. 

d) For a vector V G P''\{0} and a polynomial p G P\{0}, we have the inequality 

ind>f (pV) < deg(p) + indA^(V). 

Proof. Let s G {1, . . . Then we have {{pi, . . . ,Pr) G | ^ 0} = Og • 
by Definition 2.4. Thus the claim follows immediately from Definition 2.10 and 
Proposition 2.9. □ 

Now we have all the ingredients to define module border bases in an analogous 
way as border bases have been introduced in [KR05, Defn. 6.4.10/13]. Recall that, 
for every P-module M (respectively .ftT-vcctor space) and for every P-submodule 
U C AI (respectively if -vector subspace), 

eu ■ M ^ M/U, m^m + U 

denotes the canonical P-modulc cpimorphism (respectively Tl'-vector space epimor- 
phism). 

Definition 2.13. Let ~ O161 U • ■ • U OrCr be an order module where we 
let Oi, . . . ,Or C T" be finite order ideals. We write At = {tiea^, . ■ . ,t^eQ.^} and 
dM = {biep^, . . . , b^ep^} with /i, G N, ti.bj G T", and with a;, /3j G {1, . . . , r} 
for alH G {1, . . . , ^Ji} and j G {1, . . . , v}. 

a) A set of vectors Q = {Qi, . . . ,Qv} ^ P^' is called an A^-module border 
prebasis if the vectors have the form 

i=l 

with dj G K for all i G {1, . . . , /x} and j G {1, . . . , i'}. 

b) Let G = {Gi, • ■ • , Gu} Q P^ be an A^-module border prebasis and let U C P^ 
be a P-submodule. We call G an A^-module border basis oi U ii G U, 
if the set 

eu{M) = {tica, + ?7, . . . , t^Cc^ +U} 
is a /\ -vector space basis of P'' /U and if ^eij{M) = p. 
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For the remainder of this section, we let Oi, . . . , Or C T" be finite order ideals 
and 

M = Old U ■■■UOrer = {tiea,,...,tf,eaj 

be an order module with border 

dM = dOiei U • • • U ^C-e,. = {hep^,.. .,Kep^}, 

where n.v € N, ti.hj G T" and ai,[3j G {l,...,r} for all i G {!,..., /i} and 
J G {1, . . . , v}. Moreover, we let g = {Qi, . . . , 5^} C with 

i=l 

where ctj G if for all i G {1, . . . , /i} and j G {1, . . . , i'}, be an A^-module border 
prebasis. 

Next we generalize the Border Division Algorithm [KR05, Prop. 6.4.11] to the 
Module Border Division Algorithm and deduce some consequences of it similar to 
the ones in [KR05, Section 6.4. A]. 



Algorithm 1 divAlg(V, Q) 
Require: V G P*^ 

Q = {Qi , . . . ,Qu} C P'' is an Al-module border prebasis where we denote 
7W = {^iBai , . . . , t^j^Ca^ } and dM = {biep^ Kep^ } with ^, G N, t^, hj G T" 
and tti, Pj G {1, . . . , ?'} for i G {1, . . . , /i} and j G {1, . . . , v}. 
1: :=0 G P'' 

3: while (qi, . . . , g^) 7^ and indx(((?i, . . . , qr)) > do 

4: choose iefc G Supp(((7i, . . . , Qr)) with indA^(tefc) = indA4((gi, • ■ • , qr))- 

5: Determine the smallest index j G {1,...,;^} such that there exists a term 

t' G T" with deg(i') = indA4(('Zi, • • ■ , qr)) — 1 and tck = t'hjep-. 
6: Let a G A' be the coefficient of tck ~ t'bjCp. in (qi, . . . , Qr). 
7: pj := Pj + at' 

8: {qi,...,qr) := {qi,...,qr) - at'Q^ 
9: end while 

10: if (gi, . . . , gr) = then 

11: return ((pi, . . . 0) G P" x A'^ 

12: end if 

13: Determine ci, . . . , G A' such that (gi, . . . , qr) ~ citiCa^ + • ■ • + c^t^ea^ ■ 
14: return ((pi, . . . (ci, . . . , c^)) 



Theorem 2.14. (The Module Border Division Algorithm) 

Let V G P' . Then Algorithm 1 is actually an algorithm, and the result 

((pi, . . . (ci, . . . , c^)) divAlg(V, a) 

of Algorithm 1 applied to the input data V and Q satisfies the following conditions. 

i) The result {{pi, . . . (ci, . . . , c^)) is a tuple in P'^ x A''' anrf if does not 
depend on the choice of the term tck in line 4. 

ii) We have 

V = Pl^l H h Pi,g,y + CifiCai H h Cfj,t^ea^ . 

iii) W^e /laue 

deg(pj) < indA4(V) - 1 
for all j G {1, . . . ,i>} with pj ^ 0. 
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Proof. Firstly, we show that every step of the procedure can be computed. Let m 
always denote the current value of ind^(((7i, . . . , g,.)) durmg the procedure. The 
existence of a term te^ G Supp(((7i, . . . , g^)) such that ind^(<:efe) = m in line 4 
follows from Definition 2.10. We now take a closer look at line 5. Since the while- 
loop in line 3 is executed, we have ind^K {tck) > 0, i. c. tck G T"(ei, . . . , e^) \ A4 by 
Definition 2.10. By Proposition 2.12 there is a factorization tek ~ t'bjejj. with a 
term t' G T" where dcg(t') = ind7vt(tefc) — 1 = m — 1 and an index j G {1, . . . , v}. 
At last, since the while-loop is already finished in line 13, we have m — Q and thus 
Supp(((7i, . . . , qr)) C Jid according to Definition 2.10. Altogether, we see that every 
step of the procedure can actually be computed. 

Secondly, we prove termination. We show that the while-loop starting in line 3 
is executed only finitely many times. Taking a closer look at the subtraction in 
line 8, we see that we subtract the vector 



from (gi, . . . , qr). By the choice of j G {1, . . . , v} and t' G '^m-i li^i^ 5, and the 
choice oi a & K in line 6, it follows that the term tck = t'bjep- with A^-index m 
is replaced by terms of the form t'tiEa- G d"^~^A4 with i G {l,...,/i}, which 
have strictly smaller A^-index according to Proposition 2.12. The procedure hence 
terminates after finitely many steps because there are only finitely many terms 
of A^-index smaller than or equal to a given term. Altogether, we see that the 
procedure is actually an algorithm. 

We go on with the proof of the correctness. To this end, we show that the 
equation 



is an invariant of the while-loop in line 3. Before the first iteration of the while- 
loop, we have pi = ■ ■ ■ = pi, = and (gi, . . . , qr) = V, i. e. the invariant is obviously 
fulfilled. We now regard the changes of (pi, . . . G P"^ and (qi, . . . , g^) G 
during one iteration of the while-loop. Let {pi, . . . ,pi,) G P"^ and {qi, . . . ,qr) G P^ 
be such that the invariant holds, and let {p[, . . . ,p'^) G P'^ and (g']^, . . . , q'^) G P^ be 
the values of (pi, . . . ^Pu) and (gi, . . . , qr) after one iteration of the while-loop. The 
values of the vectors [pi, . . . ,py) G P" and (gi, . . . , q^) S P^ are only changed in 
line 7 and line 8. Thus we have p'^ = pj + at' , p\ = pi for all i G {1, . . . , i^} \ {j}, 
and (gj^, . . . , g,',) (gi, . . . , qr) — at'Qj. This yields 

V = piSi H \-p,yG,y + (gi, . • . ,gr) 



i. e. the invariant is also satisfied after one iteration of the while-loop. By induction 
over the number of iterations of the while-loop, we see that the invariant is always 



As we have already seen in the proof of the termination, the term t' in line 5 — and 
thus also the polynomials pi, . . . ,p^ at the end of the algorithm — always has at 
most the degree indA^(V) — 1. If the algorithm terminates in line 11, we have 




V = pi^/i H ^PuGu + {qi,---,qr) 



-^Vj-\Q]-\ + {Vj - ai')Q3 +Pj+iGj+i H ^p'uGi 

.q'r)+at'g,) 

p'uQu + (gi,...,g',). 



satisfied. 



V = piQi H ^PuQu + (gi, . . . ,gr) = PiGi H ^PuQ, 
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If the algorithm terminates in line 13, we have 

V = piQi H ^PuGu + {qi,...,qr) 

= PlGl H h p^Gi, + CltlCai H h C^t^Ea^ 

with ci, . . . , G K . In both cases, the algorithm computes a representation of V 
with the claimed properties. 

Finally, we prove that the result does not depend on the choice of the term tck in 
line 4. This fact follows from the observation that tck is replaced by terms of strictly 
smaller A4-index during every iteration of the while- loop in line 3. Thus different 
choices of the term tet in line 4 do not interfere with one another. Altogether, we 
see that the final result, after all those terms have been rewritten, is independent 
of the ordering in which they are handled. □ 

Using the Module Border Division Algorithm 2.14, we can define the normal 
remainder of a vector in with respect to a module border prebasis in the usual 
way like it has been done for border prebases in [KR05, p. 427]. 

Definition 2.15. Let V £ . We apply the Module Border Division Algo- 
rithm 2.14 to V and Q to obtain a representation 

V = PlGl H h p^Gi, + CltlCa^ 4 h C^t^Ba^ 

with pi,. . . ,pi, e P, ci , . . . , e K, and 

deg(pj) < indA<(V) - 1 
for all j S {1, . . . ,1^} where pj ^ 0. Then the vector 

NRg(V) = ciiie„, + ■ • ■ + c„i^e„^ e {M)k C P'' 
is called the normal remainder of V with respect to G- 

Example 2.16. We consider Example 2.6, again, and write the order module 
and its border 

dM = {x'^ei,xyei,y'^ei,x^e2,x^ye2,xye2,ye2} = {6ie^i , . . . , 676/3 J. 
Then the set G = {Gi, ■ ■ ■ , Gi} C ^ith 



Gi 


= x^ei - 


- yei 


+ 62. 


G2 


= xyei - 


- 62, 




G3 


= y^ei - 


- xe2, 




Gi 


= 0:^62 - 


- 61, 




G5 


= x^ye2 


- 61 


- 62. 


Ge 


= xye2 - 


t- 3ei, 




G7 


= 2/62 - 


xei - 


' y6i 



is an A^-module border prebasis by Definition 2.13. We consider the steps of the 
Module Border Division Algorithm 1 applied to 

V = x^ei + xyei + x^ye2 e P^ 

and G in detail. 

The initialization process of the algorithm in the lines 1-2 yields 
(pi,...,P7) = (0,0,0,0,0,0,0) 
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and 

(91, '72) = {x^ +xy,x^y). 

Since 

indA^( (91,52)) = indA^(x^ei) = mdM{x^ye2) = 2 > 0, 

the while-loop in line 3 is executed. We choose x^ye2 in line 4. Then we have j = 4 
and the factorization 

x^ye2 = y ■ x^e^ = y ■ h^e^^ 
in line 5. After line 7, we have 

(pi,...,P7) = (0,0,0,y, 0,0,0), 

and after line 8, we have 

(gi, (72) = ix^ + xy, x'^y) - y ■ {-\,x^) = {x^ + xy + y, 0). 
Now the 7M-index is 

indA4((9i,92)) = vcl&m{x^gx) = 2 > 0, 
and we must choose x^e\ in line 4. Then we have j = 1 and the factorization 

x'^e\ = a; • x^e\ = x • hiCfi^ 

in line 5. This yields 

(pi,...,P7) = (x, 0,0, 2/, 0,0,0) 

after line 7, and 

(f?!, 92) = (x^ + a:?; + J/, 0) - a: • (x^ - y, 1) = (2xy + y, -x) 
after line 8. Now the A^-index has decreased to 

indA4( (91,(72)) indA<(a;yei) 1 > 0, 
and we must choose xyei in line 4. Then we have j = 2 and the factorization 

xyei ^ 1 • aryei = 1 ■ 626/32 

in line 5. This yields 

(pi,...,P7) = (x,2,0,y,0,0,0) 

after line 7, and 

(gi, 92) = (2a;y + y, -x) - 2 • (.xy, -1) = (y, + 2). 
after line 8. After these iterations, we see that 

(91,92) ^0 

and 

indA^ ((91,92)) = 0. 

Since 

(91 , 92) = (y, -x + 2) = ^2602 - ^5605 + 2^6606 , 

the algorithm returns 

((x, 2, 0, y, 0, 0, 0), (0, 1, 0, 0, -1, 2)) e x 

in line 13. 

Moreover, this yields 

V = x^ei + xyei + x^ye2 = .x^i + 2^2 + vGi + NRg(V) 
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where 



NRg(V) = yei - xe2 + 2e2 e {M)k- 



according to Theorem 2.14 and Definition 2.15. 

Now we use the Module Border Division Algorithm 2.14 to deduce some propo- 
sitions about module border bases. We start to prove that an A^-niodule border 
basis 5 of a P-submodule [/ C P*" is indeed a basis, i. e. that {Q) = U holds. The 
proof of this result follows exactly like the corresponding result for border bases in 
[KR05, Prop. 6.4.15]. 

Corollary 2.17. Let Q be an M-module border basis of a P-submodule U C P'\ 
Then {Q) ^U. 

Proof. According to Definition 2.13, we have {Q) C U . For the converse implication, 
we let V S J7. We apply the Module Border Basis Algorithm 2.14 to V and Q to 
obtain a representation 

V = yy + CitiCa^ H h C^t^Ca^ 

with W e (G) Q U, and ci, . . . , G K. It follows that 

U = V + U = citiCa, + • ■ • + c^t^e„^ + U e P''/U. 
Since Q is an A^-module border basis of C/, Definition 2.13 yields 

ci = ■ • ■ = = 

and thus V = W e (0). □ 
The proof of the next corollary follows the proof of [KPll, Coro. 3.8]. 

Corollary 2.18. We have {£{g)[M))K = P^ /{Q)- In particular, for every vector 
V G P^ , the normal remainder NRc;(V) of V with respect to Q is a representative 
of the residue class V + {Q) ■ 

Proof. Let V e P''. We apply the Module Border Division Algorithm 2.14 to V 
and Q to obtain a representation 



We are now able to give a first characterization of module border bases similar 
to the characterization of border bases in [KR05, Defn. 6.4.13]. 

Corollary 2.19. Let U C P'' be a P-submodule with Q C U. Then the following 
conditions are equivalent. 

i) The Ai-module border prebasis Q is an Ai-module border basis of U . 

ii) We have U C\ {M) k = {0}. 
in) We have P"- ^ U ® {M)k- 

Proof. We start to prove that i) implies ii). Let V G J7 n {M.)k- Then there exist 
ci, . . . ,c^ G K such that 



v^Pigi + --- + p,,g,, + NRg{v) 

with pi,. . . ,p,y e P and NRg(V) G {M)k- Thus we have 

V + (g) = NRg(V) + (g) G (£(g) {M))k- 

The other inclusion follows trivially because Ai CP*". 



□ 



V = CitiCai H h Cfj^tf^Ca^. 



Modulo [/, this yields 



U = V + U = citicc, +■■■+ c^t^ 
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As Q is an A^-module border basis of U, it follows ci = • • • = = and thus 

V = by Definition 2.13. 

Next we prove that ii) implies iii). As we have U fl {A4)k = {0}, it suffices to 
prove that P"^ = U + {M)k- Obviously we have P'^ D U + {M)k- In order to 
prove the converse inclusion, we let V & P"^ . Applying the Module Border Division 
Algorithm 2.14 to V and Q, we obtain a representation 

V = piQi + ■ • ■+PuQu + NRc;(V) e {g) + {M)k 

with pi, . . . G P and NRg;(V) G {A4)k- The hypothesis Q C U hence yields the 
claim. 

Finally, we prove that iii) implies i). Let ci, . . . , G if be coefficients such that 
U = ciiie„, + • • • + c^t^e„^ + [/ e P'yU. 

Then we have 

cihcai H h c^t^ea^ G f/ n {M)k 

which yields 

Cltlfiai H 1- Cpit^Ea^ = 

because of P*" = ?7 © {M)k- As is /•ST-Iincarly independent, it follows that 
ci = ■ • • = = 0; and we see that eu{M) ^ P''/J7 is X-linearly independent and 
that ifeu{AA) = fji. Moreover, every vector V G P'' can be written in the form 

V = >V + NRg(V) where W G {Q) according to CoroUary 2.18. As C/ C fj, the claim 
now follows by Definition 2.13. □ 

If Q is an 7M-module border bases of a P-submodule U Q P^\ we can introduce a 
normal form with respect to a P-submodule U Q P^ for every vector in P*" similarly 
to the way it has been done in [KR05, Defn. 6.4.20] and [KR05, Prop. 6.4.19/21] 
for border bases. 

Lemma 2.20. Let U C P^ be a P-submodule, and let Q and Q' be two A4-module 
border bases of U . Then we have 

NRg(V) =NRg.(V) 

for every vector V G P' . 

Proof. Let V G P^ . We apply the Module Border Division Algorithm 2.14 to V 
and Q, and to V and Q' in order to obtain two representations 

V = W + NRg ( V) = W + NRg. (V) 

with W,W' G {G) and NRc;(V), NRg'(V) G {M)k- As G and G' are A^-module 
border bases of U, the claim follows since we have 

NRe(V) -NRg.(V) = W - Wg (5) n {M)k c c/n = {0} 

according to Definition 2.13 and Corollary 2.19. □ 

Remark 2.21. Let V G P'^ be a vector. Similar to the situation of Grobner 
bases and border bases, the normal remainder of V with respect to the A^-module 
border prebasis G is a, representative of the residue class V + (G) G P^ /(G) by 
Corollary 2.18. But the normal remainder of V with respect to G depends on 
the particularly chosen A^-module border prebasis G and on the ordering of the 
elements in G by Definition 2.15. But if G is even an A^-module border basis 
of (G), Lemma 2.20 shows that the result is independent of the particularly chosen 
7M-module border basis G, and of the ordering of the elements in G- Thus the 
normal remainder defines a normal form with respect to (G) in this situation. In 



MODULE BORDER BASES 



15 



particular, we can also compute this normal form with the Module Border Division 
Algorithm 2.14. 

Definition 2.22. Let Q be an TM-module border basis of a P-submodule U C P'', 
and let V £ P*". Then we call the vector 

^FM.uiV) - NRg(V) e {M)k C P^ 

which is unique according to Remark 2.21, the normal form of V with respect 
to M and U. 

Proposition 2.23. Let Q he an M-module border basis of a P-submodule U C P^ . 

a) For all V G P'' , we have 

if there exists a term ordering a on T"(ei, . . . , e^) sueh that M = Oa{U). 

b) We have 

^Fm.u{cV + c'V) = cmM,u{V) + c' nYM,u{V) 

for all c, c' E K and all V, V G P''. 

c) We have 

mM,umM,u{v)) = nYM.uiv) 

for allV G P'^. 

d) We have 

for all p e P and all V G P''. 

Proof Claim a) follows because for aU V G P^ both NFa^,,7(V) and NF^,,7(V) 
are equal to the unique vector in V + ?7 G P^ /U whose support is contained in 
M = 0^{U) according to Definition 2.22 and [KROO, Defn. 2.4.8]. The other 
claims follow from the same uniqueness. □ 

3. Existence and Uniqueness of Module Border Bases 

In this section, we show the existence and uniqueness of a module border bases 
of a given submodule U C P^ like it has been done for border bases in [KR05, 
Prop. 6.4.17]. Moreover, we proof that there is a correspondence of the reduced 
cr-Grobner bases of a P-submodule U C P^ and the C'cr(C/)-module border bases 
of U similar to [KR05, Prop. 6.4.18]. Finally, we give a first "naive" algorithm for 
the computation of module border bases that uses Grobner bases techniques. 

Like in the previous section, wc let Oi, . . . , O,- ^ T" be finite order ideals, and 
we let M = Oiei U • • • UOrCr = {iiem, . . . , t^ea^} be an order module with border 
dM = {biep^, . . . ,b„ei3^}, where /x, G N, ti,bj G T" and ai,/3j G {!,..., r} for 
alH G {!,..., /x} and j G {1, . . . , v}. Furthermore, we let Q = {Qi, . . . , Qi^} C P^ 
be an A^-module border prebasis, where we write Gj = bjejs- — J2i=i '^ij^i^ai with 
cij, ...,c^j G K for every j G {1, . . . , ly}. 

We start with the proof of the existence and uniqueness of module border bases. 
To this end, we imitate the proof of [KR05, Prop. 6.4.17]. 

Proposition 3.1. (Existence and Uniqueness of Module Border Bases) 

Let U C P'' be a P-submodule. Moreover, we let e[/(A4) C P^/U be a K -vector 
space basis of P^'/U with ^ejji-M) — /i. 

a) There exists a unique Ad-module border basis of U . 
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b) Let Q he an A4-module border prebasis with Q QU . Then Q is the A4-module 
border basis of U . 

c) Let K' be the field of definition of U . Then the Ai-module border basis of U 
is contained in K'[xi, . . . , x„]. 

Proof. We start with the proof of claim a). Let j G {1, . . . , i'}. By Proposition 2.7 
we see that bjep^ ^ A4. Thus there exist cij, . . . , c^j e K such that 

bjCfj^ + [/ = CytiCai H h C^jt^ea^ + U 

and this yields 

Qj = bjCp^ - ^ CijUeai e U. 

i=l 

Now the set Q = {^/i, . . . , t/i,} C [/ is an A^-module border prebasis, and the 
assumptions yield that Q is an A^-modulc border basis of U by Definition 2.13. It 
remains to prove the uniqueness. Let Q' = {Q[, . . . ,Ql} C U he another A^-module 
border basis of U where 

i=l 

with c-j e for all G {1, . . . , ^} and j G {1, . . . , z^}. Assume there exists an 
i £ {1, . . . , fi} and a j G {1, . . . , z^} such that aj ^ c-^ . Then Corollary 2.19 yields 
the contradiction 

o^Gj -g'^ eun {M)k = {0} 

and claim a) follows. 

We go on with the proof of b). As eu{M) is a iiT-vector space basis of /U 
such that fl^£u{M) = we sec that Q is an A^-module border basis of U by 
Definition 2.13. The claim now follows with a). 

Finally, we prove claim c). Let P' = K'[xi, . . . , x„] and U' = U O (P')''. Given a 
term ordering cr on T"(ei, ... , e^), the P-submodules U C P^ and U' C [P'Y have 
the same reduced cr-Grobner basis and 

LT,{U} = LT,{U'} 

by [KROO, Lemma 2.4.16]. Hence we see that 

dimA-((P')7;^') = dimK{P''/U) = #M 

according to Macaulay's Basis Theorem [KROO, Thm. 1.5.7] and Definition 2.13. 
Moreover, the elements of A4 are contained in {P'Y and they are i^T-linearly inde- 
pendent modulo U' C U. Thus it follows that eu'{M) is a if- vector space basis 
of {P'Y /U' and i^eu'{M) = ^. According to a), there exists a unique A^-module 
border basis Q' C P^ of U' . Since G' is an Al-module border prebasis with G' U, 
the claim follows from b). □ 

Next we show that there is a connection between certain module border bases 
and reduced Grobner bases like it has been done in [KR05, Prop. 6.4.18] for the 
border bases case. 

The set T"'(ei, . .. ,er) \A4 is obviously a monomial submodule of P^, i.e. it 
has a system of generators consisting of terms by [KROO, Defn. 1.3.7]. Thus there 
exists a uniquely determined minimal set of generators of this monomial submodule 
according to [KROO, Prop. 1.3.11]. The elements between this minimal generating 
set play an essential role in the connection of certain module border bases and 
reduced Grobner bases, and thus get a name. 
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Definition 3.2. Let A4 be an order module. We call the elements of the minimal 
generating set of the monomial submodule T"(ei, . . . , e,.) \ the corners of A4. 

Proposition 3.3. Let U C be a P- submodule and let a be a term ordering 
on T"(ei, . . . , Cr) ■ Then there exists a unique Oa-{U)-module border basis Q of U , 
and the reduced a- Grobner basis ofU is the subset ofQ corresponding to the corners 
ofO^iU). 

Proof. By Macaulay's Basis Theorem [KROO, Thm. 1.5.7], the set £u{Oa{U)) is 
a ii'-vector space basis of P^/U and we have ^eu{Oa{U)) = #Oa{U). Thus 
Proposition 3.1 implies the existence of a unique C'cr(C/)-module border basis Q 
ofU. 

In order to prove the second claim, we let bck G LTa{U} with k G {1, . . . ,r} 
be a corner of Ocr{U). The element of the reduced cr-Grobner basis of U with 
leading term bek has the form bck — NF„^u{bek) where NFa,u{bek) Q {Ocr{U))K 
by [KROO; Dcfn. 2.4.8]. Since the Co- (C^)- module border basis Q oi U is unique, 
this clement of the reduced cr-Grobner basis coincides with the element in Q corre- 
sponding to bek- According to the definition of the reduced cr-Grobner basis of U, 
cf. [KROO, Defn. 2.4.12], the corners of Oa-{U) are exactly the leading terms of the 
elements of the reduced cr-Grobner basis of U and hence the claim follows. □ 

Remark 3.4. The proof of Proposition 3.3 gives rise to an algorithm for the 
computation of a module border basis of a given P-submodule U C P^ with 
codimjs-(C/, P' ) < oo. Let a be any term ordering on T"(ei, . . . , e^). We first have 
to compute a cr-Grobner basis H of P^ /U to determine the order module Oa{U) 
with Macaulay's Basis Theorem [KROO, Thm. 1.5.7]. Then we have to compute its 
border 

dOa{U) = {biep,,...,b^ej3^}. 

Using H and the Division Algorithm for Grobner Bases [KROO, Thm. 1.6.4], we 
then compute 

= bjep^ - NF,,c/(6je^J = b^ep^ - NR^^nibjCp^) E U C P"^ 

for all j G {1, . . . , z^} and see that Q = {Qi, . . . , Qi,} C P'' is the Oa{U)-modn\e 
border basis of U according to Proposition 3.1. 

In section 5, we give a more efficient algorithm for the computation of module 
border bases which uses linear algebra, and which is an analogous version of the 
Border Basis Algorithm in [KR05, Thm. 6.4.36]. 

4. Characterizations of Module Border Bases 

In this section, we want to characterize module border bases in an analogous way 
as border bases have been characterized in [KR05, Section 6.4.B] and in [KK05]. In 
particular, we characterize module border bases via the special generation property 
in Theorem 4.1, via border form modules in Theorem 4.3, via rewrite rules in 
Theorem 4.8, via commuting matrices in Theorem 4.13, and via liftings of border 
syzygies in Theorem 4.20. At last, we proof Buchberger's Criterion for Module 
Border Bases 4.22. This is the main result of this section as it allows us to check 
easily, whether a given module border prebasis is a module border bases, or not. 

Like in the previous section, wc let Oi, . . . ,Or G T" be finite order ideals and 
we let M = OiCi U • • • UOre,- = {tiCa^ , • • ■ , tfiSa^^} be an order module with border 
dM = {6ie^i, . . . , fe^e^,^} where /i, G N, ti,bj G T" and ai,l3j G {l,...,r} for 
alH G {1, . . . , /i} and j G {1, . . . , i'}. Furthermore, we let Q = {Qi, . . . ,Q^} C P^ 
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be an A^-module border basis, where we write Gj = bjCf}^ — 'YHi^i'^ij'^i^ai with 
cij, . . . , c^j e K for every j e {1, . . . , v}. 

We start to show the connection of module border bases and the special genera- 
tion property which has originally been proven for border bases in [KK05, Prop. 9]. 
Our proof follows the corresponding version for border bases in [KR05, Prop. 6.4.23]. 

Theorem 4.1. (Module Border Bases and Special Generation) 

The M.-module border prebasis Q is the A4-module border basis of {Q) if and only 
if the following equivalent conditions are satisfied. 

Ai) For every vector V G (Q) \ {0}, there exist polynomials pi, . . . ,pi, e P such 
that 

V = piGi H ^PuQi' 

and 

deg(pj ) < mdM{V) - 1 

for all j £ {1, . . . , i^} with pj ^ 0. 
A2) For every vector V G (Q) \ {0}, there exist polynomials pi^ . . . ^p^ G P such 
that 

V = PlGl -\ VPvQiy 

and 

niax{deg(pj) | j G {1, . . . , zy},pj 7^ 0} = indA4(V) - 1. 

Proof. In order to show that Ai) holds if Q is the A^-niodule border basis of ((?), 
we let V G (C/) \ {0}. We apply the Module Border Division Algorithm 2.14 to V 
and Q to obtain a representation 

V = PlQl H 1- PyQy + CitiCa^ H h C^t^Ca^ 

with pi,.. .,py e P, ci , . . . , e K, and 

deg(pj) < indA4(V) - 1 

for aU j G {1, . . . , i^} with pj ^0. As V G (G), this yields 

{G)=V+ {G) = citie^, +■■■ + c^t^e^^^ + {G) G P''/{G). 

Hence Definition 2.13 yields ci = • ■ • = = as is the TM-module border basis 
of {G) and the claim follows. 

Next we prove that ^1) implies A2). Let V G {G) \ {0} and let 

V = piGi H VPyGy 

with pi, . . . ,pi, G P and 

deg(pj) < indA<(V) - 1 

for all j G {1, . . . , I'} where pj ^ like in ^1). If 

dcg(pj) < indA^(V) - 1 

for some j G {1, . . . , z^}, Proposition 2.12 yields 

\ndM{P]G]) < deg(pj) + mdM{G]) = deg{pj) + 1 < indA^(V). 

Moreover, Proposition 2.12 also yields 

ind7n(V) < ma,x{mdM{PjGj) | j G {1, . . . , 7^ 0} < indA^(V). 

Altogether, we see that there has to be at least one index j G {1, . . . , z^} such that 
Pj ^ and deg(pj ) = ind7K(V) - 1. 
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At last, we show that Q is the A^-module border basis of (Q) if A2) holds. 
Let V e (G) n {M)k- Assume that V 7^ 0. Then A2) yields the existence of 
Pi , . . . , p,y e P such that 

V = PlGl H hPuGiy 

and 

dcg(p,)<indA<(V)-l = -l 

for all J e {1, . . . where pj 7^ 0. Thus we have pi = • • • = P;y = and this yields 
the contradiction V = 0. Altogether, we have {Q) tl {M)k = {0} and the claim 
follows with Corollary 2.19. □ 

Next we show the connection of module border bases and their border form 
modules. The characterization of module border bases again is a straightforward 
generalization of the concept of the border form of border bases like it has originally 
been proven in [KK05, Prop. 11]. We follow the corresponding definition of the bor- 
der form of a vector in [KR05, Defn. 6.4.24] and the corresponding characterization 
in [KR05, Prop. 6.4.25]. 

Definition 4.2. a) Let V £ P'' \ {0}. We write 

V = aiUie.ij + • • ■ + agUsCi^ 
with fli, . . . , e -ft' \ {0}, uiCi^ , . . . , UsCi^ e T"(ei, . . . , e^} and 

indA4(wie,i) > indA^(u2e,2) > • ■ • > indMiusSiJ. 
Then we call the vector 

BFa4(V)= J2 ajUje,^eP^ 

]£{!,. ..,s} 
hidiM ("j ei^ )=indM (V) 

the border form of V with respect to M-. 
b) Let J7 C P'' be a P-submodule. Then we call the P-submodule 

BF m{U) = {BFm{V) \VeU\ {0}) C P^ 

the border form module of U with respect to A^. 

Theorem 4.3. (Module Border Bases and Border Form Modules) 

The Ad-module border prebasis Q is the A4-module border basis of {Q) if and only 
if the following equivalent conditions are satisfied. 

Bi) For every V G {Q) \ {0}, we have 

Supp(BFa4(V)) CT"(ei,...,e,)\X. 

B2) We have 

BFm{{Q)) = {BFm{Qi).---.BFm{Qu)) = (6ieft,...,fo,e^J. 

Proof. We start with the proof that condition Pi) is satisfied if Q is the A^-module 
border basis of {Q). Let V G {Q) \ {0}. Assume that BFm (V) contains a term of M. 
in its support. Then we have ind7vi(V) = and thus 

V = BF^(V) C {M)k 

by Definition 4.2. Now Corollary 2.19 yields the contradiction 

V e (0) n {M)k = {0}. 

Thus BFjV!(V) does not contain a term of M in its support, and the claim follows. 
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Next we show that Bi) imphes B2)- Since Qj e {Q) \ {0}, we see that we have 

BFm{Qj) = b,ep^ eEFMiiG)) 

for every j g {1, . . . , i^}. To prove the converse inclusion, we let V G (^) \ {0}. 
Then we have 

Supp(BFa4(V)) CT"(ei,...,e,)\X 

by Bi). Thus Definition 4.2 and Proposition 2.7 yield that every term in the support 
of BFmO^) is divisible by a term in dAi = {&ie/3j, . . . , b^ep^}. Thus we see that 

BF^(V) G {biei3,,...,Kef!j. 

Finally, we prove that Q is the TM-module border basis of {Q) if B2) is satisfied. 
Assume that there exists a vector V G {Q)ri{A4)K\{0}. Then we have indA^(V) = 
and as a consequence we see that 

Condition B2) and Proposition 2.7 now yield the contradiction V = 0. Altogether, 
the claim follows with Corollary 2.19. □ 

We now define a rewrite relation corresponding to Q and characterize module 
border bases with it. For border bases, the analogous version has originally been 
proven in [KK05, Prop. 14]. Like for the previous characterizations, our definition of 
rewrite rules and the first proposition about it arc straightforward generalizations of 
the corresponding ones for border bases in [KR05; p. 432], [KR05, Remark 6.4.27], 
and respectively in [KROO, Prop. 2.2.2]. 

Definition 4.4. a) Let V G P^, and let tek G Supp(V) such that there exists 
a factorization 

tek = t'bjCp^ 

with t' G T" and j G {1, . . . ,1^}. Let c G K be the coefficient of tck in V. 
Then the vector V — ct'Qj G P^ does not contain the term tck in its support 
anymore. We say that V reduces to V — ct'Qj in one step using the 

rewrite rule — y defined by Qj and write 

V ^V-ct'Gj. 

The passage from V to V — ct'Qj is also called a reduction step using Qj. 

b) The refiexive, transitive closure of the rewrite rules — > defined by Qj for all 
J G {1, . . . , z^} is called the rewrite relation associated to Q and is denoted 

by — >. 

c) The equivalence relation generated by — > is denoted by < — >. 

Proposition 4.5. a) If Vi,V2 G P^ satisfy Vi V2, and if c £ K and 

t G T" , then we have ctVi ctV2- 

b) // Vi,V2 G P'' satisfy Vi -% V2 for j G and if V3 G P^ then 
there exists a vector V4 G P^ such that Vi + V3 V4 and V2 + V3 V4 . 

c) // Vi, V2, V3, V4 G P^ satisfy Vi -f-^ V2 and V3 V4, then we have 
V1 + V3 ^ V2+V4. 

d) // Vi , V2 G P^ satisfy Vi V2 , and if p E P, then we have pVi -f-^ pV2 ■ 

e) For a vector V E P^ , we have V if and only ifVE {Q) . 

f) For vectors Vi, V2 G P^ , we have Vi -f-^ V2 if and only if Vi — V2 G {Q) . 
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Proof. Firstly, we prove a). Let c ^ K and t G T". If c = 0, nothing has to 
be shown. Thus we suppose c 7^ 0. By induction it suffices to prove the claim 
for a single reduction step using Qj where j G {1,...,;^}. Let Vi,V2 G and 

j G {1, . . . be such that Vi — ^ V2. Then Definition 4.4 yields the existence 
of a term tej^. G Supp(Vi), a term t' G T", and a coefficient c' £ K such that 
V2 = Vi — c't'Qj does not contain the term tep- = t'bjCp- in its support anymore. 
Therefore c<V2 = ctVi — ctc't'Qj does also not contain the term tte^^ — tt'bjCp^ in 

its support anymore, i. e. we have ctVi — > ctV2 by Definition 4.4. 

Secondly, we show b). We let Vi,V2, V3 G be such that Vi V2 for some 
j G {1, . . . , I'}. According to Definition 4.4, there exist a term thjCp. G Supp(Vi) 
with t G T", and a coefficient c G A' \ {0} such that we have V2 = Vi — ctQj and 
such that V2 docs not contain the term thjCfj, in its support anymore. Let c' G K 
be the coefficient of thjCp. in V3. We distinguish two cases. If c' = — c, we have 

Vi + V3 = V2 + ctgj + V3 = V2 + V3 - c'tg, 

and V2 + V3 — C'tQj docs not contain the term tbjep. in its support anymore, i.e. 

we have Vi + V3 — ^ V2 + V3. The claim now follows with V4 = V2 + V3. If c' ^ — c, 
we define 

V4 = Vi + V3 - (c + c')tg, = V2 + rfa, + V3 - (c + c')tg, = Va + V3 - c'tg,. 

Then we see that V4 does not contain the term thjCp, in its support anymore and 
thus the claim follows. 

For the proof of c), we let Vi, . . . , V4 G P'' be such that Vi V2 and such 

that V3 V4. Then Definition 4.4 yields the existence of vectors Vq, . ■ . , G P'' 

satisfying Vq = Vi, = V2, and V^_i V[ or V^_j where if G {1, . . . , j^} 

for all £ G {1, . . . , fc}. According to b), for all I G {1, . . . , fc}, there exist vectors 
V[ G P'' satisfying 

v;_i + v3 Av^i^v; + V3. 

Therefore, for all £ G {1, . . . , fc}, we have 

v;_i + V3 ^ v; + V3 

and induction over G {1, . . . , fc} yields 

Vi + V3^V2 + V3. 

by Definition 4.4. An analogous construction yields the claim 
V2 + V4 ^ V2 + V3 ^ Vi + V3. 
In order to show d) , let Vi , V2 G P^ be such that Vi V2 and let 

■p = CiUi + • ■ • + CgUs G P 

be with coefficients ci, . . . , Cg G A' and terms ui, . . . , Us G T". Then we have 

for all i G {1, . . . , s} by a). Induction over i G {1, ■ . • , s} and c) now yield the claim 
pVi = ciUiVi H V CgUsVx C1U1V2 H h CsUsV2 = -pVi. 
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We go on with the proof of the equivalence e). Let V £ If V < — > 0, 

we coUect the monomials used in the various reduction steps and get polynomials 
Pi , . . . , p,y e P such that 

For the converse implication, suppose that V E {Q). Then there exist polynomials 
Pi , . . . , G P such that 

Obviously, we have Gj by Definition 4.4 and thus d) yields pjGj for 
all j G {1, . . . , zy}. Therefore, induction over j G {1, . . . ,v} together with claim c) 
shows 

V ^ PiGi -\ h Pi^Gv 0. 

Finally, we show the equivalence in f). Let Vi, V2 G P^. Wc have V V for 

all V G P*" by Definition 4.4. In particular, we see that -V2 ^ -V2. Thus the 

condition Vi V2 is equivalent to the condition Vi — V2 V2 — V2 = by c) . 
We now sec that the claim is a direct consequence of c). □ 

Next we define irreducible vectors and confluent and Noetherian rewrite rules 
associated to a module border prebasis in the usual way, cf. [KR05, pp. 432-433]. 
Using Proposition 4.5, wc can then characterize module border bases via confluent 
rewrite rules as it has been done for border bases in [KR05, Prop. 6.4.28]. 

Definition 4.6. a) A vector Vi G P^ is called irreducible with respect to 

the rewrite relation if there exist no j G {1, . . . , i^} and no V2 £ P^\ {Vi} 
Gj 

such that Vi — > V2. 
b) The rewrite rule is called Noetherian if there exists no infinitely de- 



scending chain 



G,, G,o G,. 
Vo ^ Vi ^ V2 ^ 



with ij G {I, . . . , ly}, Vj G P'' \ {Vj-i} for aU j G N \ {0}, and Vo G P^ 
c) The rewrite rule is called confluent if for all vectors Vi,V2,V3 G P^ 
satisfying Vi V2 and Vi V3, there exists a vector V4 G P^ such that 
V2 Vi and V3 V4. 



Remark 4.7. a) For r = 1, module border bases coincide with the usual 

border bases. Thus [KR05, Exmp. 6.4.26] shows that the rewrite relation 
is not Noetherian, in general. 

b) A vector V G P*" is irreducible with respect to if and only if V G {M)k 
according to Definition 2.4 and Definition 4.6. 

c) Considering the steps of the Module Border Division Algorithm 2.14 in detail, 
we see that it performs reduction steps using Gj where j G {1,...,;^} to 
compute the normal remainder of a given vector. Thus for every V G P' , 
we have V NRg;(V). In particular, NR5(V) G {A4)k is irreducible with 
respect to 

Theorem 4.8. (Module Border Bases and Rewrite Rules) 

The M.-module border prebasis G is the A4-module border basis of (G) if and only 
if the following equivalent conditions are satisfied. 
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Ci) For all V E P^ we have V if and only if V e (G). 

C2) IfVCz {Q) is irreducible with respect to then we have V = 0. 

C3) For all V E , there is a unique vector W G P*" such that V W and 

such that W is irreducible with respect to 
Ci) The rewrite relation is confluent. 

Proof. We start to show that Ci) imphes C2). Let V G (G) be h-reducible with 

respect to As we have V by Ci), V must be zero. 

Next we show that C2) imphes C3). Let V G P''. According to Remark 4.7, 
NR0(V) is a vector with the claimed properties. In order to show the uniqueness, we 

let W G P'' be irreducible with respect to and satisfying V W. Then we see 
that NRc;(V) <r^ W by Definition 4.4 and it follows NRg(V) E (G) according 
to Proposition 4.5. Additionally, Remark 4.7 yields that NRg;(V) - WE {M)k is 

irreducible with respect to Thus the claim follows from C2). 

In order to prove that C3) implies C4), we let Vi,V2,V3 G P'' be satisfying 

Vi V2 and Vi V3. According to Remark 4.7, wc see that 
Vi ^ V2 ^ NRcj(V2) G {M)k 

and 

Vi ^ V3 ^NRg(V3) G {M)k, 

and that both NRg;(V2) and NRg;(V3) arc irreducible with respect to the rewrite 

relation Thus C3) implies the equality NRe(V2) = NRg(V3) and the claim 

follows by Definition 4.6. 

We go on with the proof that C4) implies Ci). Let V G P'' be satisfying V 0. 
Then Proposition 4.5 yields V G (G)- For the converse implication, we let V G (G)- 

Then Proposition 4.5 yields V A- 0. Let Vo, • . . , Vfe G P'' be such that Vq = V, 
Vfe = and V^-i Ve or V^-i Ve for all ^ G {!,..., fc}. If there exists 
no index £ E {!,..., fc} such that V^-i -s-^ V^, the claim follows immediately 
with Definition 4.4. Thus suppose that Vi-i Ve for some i E {1, . . . , fc}. By 
Definition 4.4, we see that Vk-i Vk = 0. Let s E {1, . . . , fc — 1} be maximal such 
that Vs-i <^ Vs. Then we have 0, Vs V^-i, and C4) yields Vs_i 0. 

If we replace the sequence Vo, . . . , V^—i, with the shorter sequence Vo, ■ . • , V^-i, 0, 
we see that the claim follows by induction over the number of reduction steps 

Vi-i 4^ Vi where ^ G {1, . . . , fc}. 

Next we show that condition Ci) is satisfied if G is the A^-module border basis 

of {G). If a vector V G P*" satisfies V 0, we have V G (G) by Proposition 4.5. 

Conversely, let V G (G)- Then it follows that V NRg(V) G {M)k by Re- 
mark 4.7. Since V G (G), we also have NRg(V) G (G) according to Definition 4.4. 
Hence the claim follows as Corollary 2.19 yields NRg;(V) G {G) n {M)k = {0}. 

Finally, we prove that G is the A4-module border basis of {G) if C2) holds. 
Assume there exists a V G (5) fl {M)k \ {0}. Then mdM{V) and therefore V 

is irreducible with respect to according to Remark 4.7. Thus C2) yields the 
contradiction V = and the claim follows with Corollary 2.19. □ 

We go on with the characterization of module border bases via commuting ma- 
trices. This characterization imitates the corresponding characterization for border 
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bases originally published in [KK05, Prop. 16] and [KK05, pp. 13-15]. Our gener- 
alization to the module setting follows the corresponding versions of border bases 
in [KR05, Defn. 6.4.29], [KR05, Thm. 6.4.30], and [KR05, Prop. 6.4.32]. To ease 
the notation, we let 




denote the Kronccker delta and 3^ G Mat^(iir) denote the identity matrix for the 
remainder of this section. 

Definition 4.9. Given s G {1, . . . , n}, we define the s^^ formal multiplication 
matrix 



of g by 



ki /l<fc/<Ai 

Ski if XstiCai 
Ckj if XsUeai, 



G Mat^(i^) 

Uea^ G M, 
bjep^ G dM. 



Example 4.10. We consider the A^-modulc border prcbasis Q C P'^ from Exam- 
ple 2.16, again. Recall, that 



and 



Gi 


= x^ei - 


- yei 


-f 62 


02 


= xyei - 


- 62, 




03 


= y'^ei - 


- xe2, 




04 


= x^e2 - 


- ei. 




05 


= x'^ye2 


- ei 


- 62 


06 


= xye2 - 


{- 3ei, 




07 


= y&2 ~ 


xei - 


yei 



61 - 62. 



Then the formal multiplication matrices X, 2) G Mat7( 


Q) 


of are 








fo 


1 0\ 




fo 











1\ 




1 













1 





1 







10 










1 


-3 


1 


X = 





1 






















1 







1 













^-1 


1 0^ 




V 





1 





1/ 



Remark 4.11. Similar to the interpretation of the formal multiplication matrices 
of a border prebasis in [KR05, Page 434], we can interpret the multiplication matri- 
ces of the 7W-module border prebases the following way: Let s G {1, . . . ,n} and 
let Xs G Ma.tf^{K) be the s"^ formal multiplication matrix of 0. We can identify 
every vector 

V CitiCa, + h C^t^Ca^ G (M) K Q 

with the corresponding column vector 



Then the column vector 



(ci,...,c^r Gif''. 



,cl) = X,(ci,...,c^f G 
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corresponds to the vector 

c[hea, +■■■ + c'^t^ec,^ = NRg(a;,V) G {M)k C F''. 
In particular, we have 

c'lheai H h c'^tf_,ea^ + {Q) = x^V + (Q). 

Lemma 4.12. Assume that ^ 0, i. e. M ^ 9- Let Xi, . . . , X„ G Matp(_ft') be 
the formal multiplication matrices of Q and assume that Xi , . . . , X„ are pairwise 
commuting. Then the K-vector subspace {A4)k is a P-module with scalar 

multiplication o : P x {A4)k — ^ {■M)k defined by 

P ° (citieQi H h Cfj,ti^ea^J = {tlCa^, . . . ,tfj,ea^)p{Xi, . . . , X„)(ci, . . . ,0^)'" 

for all p ^ P and all ci, . . . ,c^ G K. Moreover, the set {ei, . . . , Cr) fl C 
generates {A4)k cls a P-module. 

Proof. As A4 is A'-hncarly independent, the map o is weU-defined. Moreover, the 
isT-vector subspace {A4)k ^ P^ is obviously an additive group. Since the formal 
multiplication matrices Xi , . . . , X„ € Mat^ (K) are pairwise commuting, for all 
polynomials p,q ^ P and all coefficients ci, . . . , c^, di, . . . , G K, we have 

I o (citie^j H h Cf^tf^Ca^) 

= {tiCoin . ■ ■ , tpCa^ (ci , . . . , C^) 

— CitiCa^ C^t^Ca,^^ 

and 

(pg) o (ciiiBai 4 h Cf_,t^ea^) 

= {tiCa^,. . . ,t^ea^,)(pg)(Xi, . . . ,X„)(ci, . . . ,c^)''' 

— (^1 ^ai ; • ■ • 7 ^fi^cy.f_i, 7 • ■ • 1 •^n)Q(-^l i ■ • ■ ; -^n) (^1 , • • • , ) 

= p o ((iie„j , . . . , tf_,ea^)qiXi, . . . , X„)(ci, . . . , c^)*'') 
= p o (g o (citieai H h C^t^Ca^J), 

and 

(p + g) O (ciiiCai H h C^t^CaJ 

= (tlCai, . . .,t^ea^){p + g)(Xi, . . . ,X„)(ci, . . . ,Cp)*'' 

= {hCai, ■ ■ ■ ,tfj,eaJ{p{Xi, . . . ,X,i) + q{Xi, . . . , X„))(ci, . . . ,c^)''' 

— (tl , . . . , tfj^ect^^ 1 ■ • ■ 7 -^n) (ci , • ■ • , ) 

= (p o (citiCQi H h c^t^ea^,)) + (g O (citiCai H h c^t^ea^)), 

and 

po ((ciiiCai H h C^t^Ca^) + {ditiCa^ H h df_,t^ea^)) 

^po ((ci + (ii)tieai H 1- (c^ + d^)tf_,ea^) 

= {heai, ■ ■ ■ ,t^eQ,^Jp(Xi, . . . ,X„)(ci + di, . . . , + d^)''' 

= (tie„i, . . . ,<^ea^)p(Xi, . . . ,X„)((ci, . . . ,c^)*'' + (di, . . ■,d^Y'^) 

— (tlCa^, . . . ,i^6cK^ 7 ■ ■ • ; 7 ■ ■ • 1 ) 

+ (tlCai, . . . ,tfj_ea^)p{Xi, . . . ,X„)(di, . . . 
= (po (citiCai H hC^t^CQ^,)) + (po (diiiCai H hd^t^ea^)). 

Altogether, we see that that {{A4)k,+,°) is indeed a P-modulc. 
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It remains to prove that the P-module {M.)k is generated by {ei, . . . , e^} fl M. 
W. L o. g. we suppose that we have ei, . . . , e M and e^+i, . . . , e,- ^ M for some 
^ G {1, . . . , r}, and that t^ea^ = for all fc € {1, . . . , £}. Let {ei, . . . , e^} C 
be the canonical A'- vector space basis of , and let k G {1, . . . , ^}. We prove by 
induction on degree that t o Ck ~ ttk for all t E Ok- The induction starts with 

1 O Cfc = (tiBai, . . . ,i^ea^)l(Xi, . . . , X„)efc 
= (^leaj , . • . , tf^ea^)-i fitf. 
= (^iCaj , . . . , tfj_ea^^)z^. 
= tk^Ok 

= ek- 

For the induction step, suppose that t E Ok with deg(t) > 0. Then there is a 
factorization 

tCk — ti^cti — -^s^j^ctj 

with i,j G {1, . . . , /^} and s G {1, . . . , n} by Definition 2.4. The induction hypothesis 
yields 

toek = (xstj) o Cq^. = cCs o {t-j o = o (ijCcJ. 
Thus we see that 

i o efe = a;s o {tjCaj) 

— (^l^CKl ; • ■ • 1 t^^a^^ )^s^j 

= {tiCai , • . • , tfiSa,^ ) (^ij 7 • ■ • 1 ) 

— ^li^l^ai "1" ■ ■ ■ ~1~ ^^itfi^^otfj^ 

— ii^ai 
= tCk, 

i. e. the above claim has been proven by induction. For every c € K and every 
i G {1, . . . , /i}, we also have 

— (il6ai 1 ■ • ■ 1 t^^af^ 

Altogether, since {ei, . . . , e^} n = {ei, . . . , e^}, we see that 

(cih) o eQ,j H h (c^t^) o = ciiiCai H h c^^tf^ea^ 

for aU ci, . . . , G A', i. e. the P-module {M)k is generated by {ei, . . . , er}C\M. □ 

Theorem 4.13. (Module Border Bases and Commuting Matrices) 

For all s E {1, . ■ ■ tTi} , we define the map 

n 1 ■ifxsUea,=tjeaeM, 

Qs : {I, ■ ■ ■ , fJ.} ^ ^, t <. 

\^k if XstiCa, = bkep^ G dM. 

Then the M-module border prebasis Q is the A4-module border basis of {Q) if and 
only if the following equivalent conditions are satisfied. 

Di) The formal multiplication matrices Xi, . . . , X„ G Mat^(Ar) of Q are pairwise 
commuting. 
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D2) The following equations are satisfied for every p £ {1, . . . , /i} and for every 
s, u e {1, . . . , n} with s ^ u: 

1) If XstiCa, = tjea^, XutiCai = bhCf}^, andxshkCp^ = btep^ with indices 
i,i £ {1, . . . , /i} and k,£ € {1, . . . , v}, we have 

^ ^ ^PQs{rn)^mk ~1" ^ ^ CpQs{m)^vak — Cp£- 

m£{l,...,ti} m£{l,...,ti} 

2) If XstiCa- = bjCp- and XutiCa^ = b^ep^ with indices i € and 
j, /c S {1, . . . , v}, we have 

^ ^ ^pgs(m)Cmk + ^ ^ CpQ^{m)'^mk 

m£{l,...,/j} mSfl,...,/^} 



mg{l,...,/j} mS{l,...,/i} 



If the equivalent conditions are satisfied, for all s € {l,...,n}, the formal mul- 
tiplication matrix Xs represents the multiplication endomorphism of the K-vector 
space I {Q) defined by V + {Q) i— > XsV + {Q), where V G , with respect to the 
K-vector space basis S(^g^{A4). 

Proof. If ^ = 0, i. e. if = and dAi = {ei, . . . , e^} = G, the claim is obviously 
true. Thus suppose that /U / 0. 

We start with the proof that condition Di) is satisfied if Q is the Al-module 
border basis of (Q), i.e. that e^g;^(7W) is a A"-vector space basis of P''/{Q) and 
(A^) = /i by Definition 2.13. Let s 6 The formal multiplication 

matrix Xg 6 Mat^(A') defines a AT-vector space endomorphism (ps of P"^ / {Q) with 
respect to the if- vector space basis ei^g^{M). We show that 4's{V+ {Q)) = XsVA-{Q) 
for all V 6 P^/{Q), i.e. (ps is the AT- vector space endomorphism corresponding to 
the multiplication by Xs- Consider the expansions 

Utiec, + {G)) = ^[l\he^, + {G)) + ■■■+ + (G)), 



.(tpe„, + (G)) - ei;,^(iie„, + {G)) + ■■■+ iii{t^.e^, + {G)). 



Let u £ {1, . . . , /i}. Then we see that XstuSa^ £ dA4 according to Definition 2.5. 
We now distinguish two cases. If XstuCa^ = tiCa- G M with i G {1, . . . , /i}, Defini- 
tion 4.9 yields 

(f>situea^ + (G)) = Sutieai H h S^it^Ca^^ + {G) = t^Ca. + (G) = XstuCa^ + (G) ■ 

If XstuGa^ = bjCf). G dM. with j G {1, . . . , v}, Definition 4.9 yields 

(f>s{tuea^ + {G)) = CijtiCai H h Cfj,jtfj,ea^ + {G) = bjCp^ + (G) = XstuCa^ + {G) ■ 

Therefore, we see that 0^ is the multiplication by Xg for all s G {1, . . . Since 
the multiplication in P^ / {G) is commutative, and since the formal multiplica- 
tion matrices Xi, . . . , X„ represent the cndomorphisms 0i, . . . , 0„, it follows that 
XkXi = XiXk for all k,£ G {!,..., n}, i.e. the formal multiplication matrices 
Xi, . . . , Xn are pairwise commuting. 

Next we show that G is the A^-module border basis of {G) if Di) holds. The 
maps 

{ei,...,er} ^ P'', Ck^Ck 



28 



MARKUS KRIEGL 



and 



{ei,...,er} {M)k, efc 



Z)r=i CijUea. if efc ep. e dM 



induce the P-modiilc epimorphism 



efc if Ck e M, 

Y.t=i CijUea, if Cfc = ep^ G dM 



by the Universal Property of the Free Module as {ei, . . . , Cr} r\Ad generates {M.)k 
as a P-module according to Lemma 4.12. Thus the Isomorphism Theorem induces 
the P-module isomorphism 



tp : P7ker(¥3) ^ {M)k, efc + ker((^) ^ 



efc ifefeGX, 

ELi CijUca, if efc 6/3^ e i9A^. 



In particular, it follows that ekcr(v3)(-^) = ^^^(-^) is a A'-vector space basis of 
P^/kcr{(f) as is a A'-vcctor space basis of {A4)k- 

We now show that (Q) C ker(iy9). Let {ci, . . . , e^} C AT^ be the canonical AT-vector 
space basis of AT^. W. 1. o. g. we suppose that ei, . . . , € Ai and eg^i, . . . , ^ 
for some £ € {1, . . . , r}, and that tkCa^. = Ck for all A: S {1, ... , £}. Furthermore, we 
let j S {1, . . . , I/}. We have to distinguish two cases. 

For the first case, assume that O^. = 0. Then we have bj ~ 1 and G dM by 
Definition 2.5. Hence 



i=l 

= 1 o ^ CijiiCa, - ^ o (t,; o e^J 

1=1 i=l 

4=1 i=l 

— ^ ^ CijiiGa^ ^ ^ (^legi ; • ■ • : ^^^a^ )e?j 
1=1 1=1 



1=1 1=1 
1=1 i=l 

0. 



For the second case, assume that Op- ^ 0. Then deg(6j) > 1 and ep^ G by 
Definition 2.5. Then there exist an s G {1, . . . , n} and a fc G {1, . . . , /i} such that 
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^j^Pj ~ ^stkBctk 8-11(1 we have /3j = by Definition 2.5. Thus we see that 

A* 

= bj o ip{epj) - ^{cijU) o (p{ea,) 

i=l 

1=1 

V i=i 



1=1 



i=l i=l / 



— (iiGai , . . . , i^eo,^ ) I ^ ^ j ^^Cy-e,; j 

\i=l 1=1 / 

= 0. 

Altogether, it fohows that {Q) C ker(c/3). 

The Universal Property of the Residue Class Module now induces the P-module 
epimorphism 

ek +ker((p) if e A^, 

Z]f=i CijUea, + kcr{ip) if = 6 dM. 



ek + (G) ^ 



Moreover, we have = £kcr(i^)(A^)- Since e(£;)(A4) also generates the 

A'-vector space P' / (Q) by Corollary 2.18 and since £kor(i/3)(-^) a if- vector space 
basis of P'^/kcT{(p), we see that ^(■^^(A^) is also a isT-vector space basis of P"^ /{Q). 
In particular, we have 

^^ > #e^g){M) > #£kcr(^)(A^) = #^-\M) = ifM = fl. 

Altogether, it follows that ^eg{A4) = /i and Definition 2.13 yields that Q is the 
A^-module border basis of (Q). 

Finally, we show that Di) is equivalent to 02). Let p,i G {1, . . . ,/^}, and let 
s,u G {1, . . . ,n} such that s ^ u. In order to show this equivalence, we translate the 
commutativity condition CpXaXuC^ = CpX^Xse'' back into the language of {A4)k- 
As the resulting condition depends on the position of tiCp. relative to the border 
of M, we distinguish four cases. 



First case: XgXutieai G M 



Since A4 is an order module, we also see that we have Xstiea-,Xutieai G M. Say, 

XstiSai = tjCaj, XutiCai — tkSaki fl-nd XsXutiGai — ti^ai where j,k,£ S {l,...,/x}. 
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Then we have 



i. e. the comniutativity condition holds in this case by Definition 4.9. 

Second case: XaXutiBa^ G dJVl and XstiCai, XutiCa- e A4 





hie 







Say, XsUea^ = tjCa^ , XuUeai = tkCa^ , and XsXuUea, = he^^ where j, fc e {1, . . . , /i} 
and £ € {1, . ■ . jiy}. Then we have 



i.e. the comniutativity condition holds in this case by Definition 4.9, again. 

Third case: XstiCai G Ai and Xutiea^ G dJ^ 



bkepk 


beejSi 







Since dA4 and Ai are order modules, we see that XgXutieai S dM. by Definition 2.4 
and Definition 2.5. Say, XsUea^ = tjCa-, XnUca, = bkCp^, and XsXuUeci = bgep,, 
where j G {1, . . . , /i} and fc, ^ G {1, . . . , v}. Then we have 

^p^S'^u^i — ^p^siplk ^ ■ • ■ ; e^k) 



^ ^ ^pgs{m)emk + ^ ^ C.pg^(^Yn)Cmk7 



me{l,...,M} 



and 



me{l,...,M} 



^p-^it*^s^i — ^p^u^j — — ^pt 

by Definition 4.9. Thus the commutativity condition holds in this case if and only 
if equation (1) is satisfied for s, u and p. 



bkepk 









Fourth case: XstiCa^ G dM and XutiCai G 



Say, XstiCcti = ^jC/j^ and XnUea^ = bke^^ where j, fc G {1, . . . , u}. Then we have 



^p^s^u^i — ^p^s iplk^ ■ • ■ ; e^k ) 



,tr 



nCmk 



'^P£)s (m) *^mA; ; 



me{l,...,/j} 



^£{1 m} 



and 



^p-^u*^s^i — ^p-^u(cij, . ■ . , e^j^ 



.pm '-mj 



m— 1 



m£{l,...,ti} 



by Definition 4.9. Thus the commutativity condition holds in this case if and only 
if equation (2) is satisfied for s, u and p. 

Altogether, we have regarded all possible cases and have seen that condition Di) 
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holds if and only if, the equations (1) and (2) are satisfied for all s,u £ {1, . . . ,n} 
such that s ^ u and all p G {1, . . . , /i}, i. e. if and only if D2) is satsfied. □ 

Example 4.14. We consider Example 4.10, again. We have seen that the formal 
multiplication matrices X, S2) G Mat7(Q) of Q are 



Since 



/o 





1 





0\ 










/o 














1\ 




1 




























1 
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1 


1 
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0^ 







X-2) 



condition Di) of Theorem 4.13 yields that Q is not the A^-module border basis 

of {g). 

The next characterization shows the connection of module border bases and the 
existence of liftings of border syzygies. The definitions and proofs of this charac- 
terization follow the corresponding ones for border bases in [KK05, Section 5]. 

We now investigate the connection of A^-module border bases and special syzygy 
modules. Recall, that we call (pi, . . . ,ps) G a. syzygy of (Vi, . . . , Vg) £ {P'^Y if 

PiVi H hPsVs = holds. For a vector (Vi, . . . , Vs) G {P^Y , the set of all syzygies 

of (Vi, . . . , Vs) is a P-submodule of P^ and is denoted by Syzp(Vi, . . . , V^). 



Definition 4.15. A syzygy (gi, . . . , Qi,) 
border syzygy with respect to Ai. 



e Syzp(6ie^j, . . . , bvep^) C P'^ is called a 



We have defined module border bases over the free P-module P*" with its canoni- 
cal P- module basis {ei, . . . , e^} C P"^ . Since border syzygies with respect to M are 
vectors in the free P-module P^ , we must distinguish these two free modules. In 
order to make this distinction easier, we let {ei, . . . , £,y} C P^ denote the canonical 
P-module basis of P'^ . To shorten notation, we let 



lcm(6i ,6j ) 



for all i,j G {1, . . . , v}. Then cry is a fundamental syzygies of (6ie^j^, . . . , b^ep^) for 
all i, j e {1, . . . , v} such that /3, = jSj and [KROO, Thm. 2.3.7] yields that the set 

is a generating system of the P-submodule Syzp(6ie^j, . . . , h^ep^) C P^ . We now 
determine an even smaller generating system. But before that, we have to generalize 
the concepts of neighbors and neighbor syzygies from [KK05, Defn. 17/20] 

Definition 4.16. Let z, j G {1, ■ ■ ■ ,v} with i ^ j. 

a) The border terms hiep.,hjep. G dM are called next-door neighbors with 
respect to M \i f5i = (ij and if hi^bj G dOp^ are next-door neighbors with 
respect to Op^ , i. e. if we have 

Xkhep, = bjep. 
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for some k E {1, . . . ,n}. In this case, the fundamental syzygy 
cTy- = XfeE, -Ej e Syzp(6ie^j,...,6ye^J 

is called a next-door neighbor syzygy with respect to Ai. 

b) The border terms biCp^, bjep- G M are called across-the-street neighbors 
with respect to if /3i = /3j and if bi,bj £ dOp- are across-the-street 
neighbors with respect to O/j^, i.e. if we have 

Xkhep, = xibjep. 

for some A:, £ G {1, . . . , n}. In this case, the fundamental syzygy 

<T.y = XkSi ~ xeEj G Syzp(6ie0j, . . . , 6^e/3j 

is called an across-the-street neighbor syzygy with respect to Ai. 

c) The border terms biCp-, bjCp- G are called neighbors with respect to M. 
if I3i = f3j and if bi, bj G dOp. are neighbors with respect to Op., i. e. if they 
are next-door or across-the-street neighbors with respect to M. In this case, 
the fundamental syzygy cr-y G Syzp(6ie^j , . . . , 6jye^,J is called a neighbor 
syzygy with respect to A4. 

Example 4.17. We proceed with Example 4.14 and determine the neighbors 
with respect to ^A. Recall, that the border of was 

dM = {x'^ei,xyei,y^ei,x^e2,x'^ye2,xye2,ye2}. 

We see that x ■ xye2 — x'^ye2, x ■ ye2 = xye2, i. e. the border terms xye2 and x^ye2 
and the border terms ye2 and xye2 are next-door neighbors with respect to A4. 
Moreover, we have y ■ x^e\ = x ■ xyei, y ■ xyei = x ■ y^ei and y ■ x'^e2 = x ■ x'^ye2, i- e. 
the border terms x^ei and xyei, the border terms xyei and y^ei, and the border 
terms x^e2 and x'^ye2 are across-the-street neighbors with respect to Ai. Obviously, 
there are no further neighbors with respect to Ai. 

Now we prove an analogous version of [KK05, Prop. 21] for the border syzyigies 
with respect to Ai. 

Proposition 4.18. The set of all neighbor syzygies with respect to Ai generates 
the P-subniodule Syzp{biep-^, . . . ,b^ep^) C P'^ . 

Proof. As previously mentioned, [KROO, Thm. 2.3.7] yields that the P-submodule 
Syzp(&ie/3^, . . . , b„ej3^) C P'^ is generated by the set 

Wij I G {1, ... ,1^1,1 < j,f3i = 

Let i,j G {1, . . . , i^} be with i < j and Pi ~ We prove that the fundamental 
syzygy <7ij G Syzp(6ie^j, . . . , bi^ep^) is a P-linear combination of neighbor syzygies 
with respect to A4. Let bij = ''^'"^^''"^j) ^nd bji = Since /3i = Pj, we see 

that bi, bj G dOp^ and that try = bijEi — bjiSj is a syzygy of (616/3^ , . . . , b^epj) if and 
only if aij is a syzygy of (61, . . . , 61/). Moreover, [KK05, Prop. 21] yields that aij 
is a P-linear combination of fundamental syzygies such that G {l,...,i/}, 
bk,bi G dOp^, i.e. Pk = Pi = Pi, and such that bk,bi G dOp. are neighbors with 
respect to O^. . Furthermore, we see that two border terms bk,bi G dOp. with 
k,£ G {1, . . . ,1^} are neighbors with respect to Op. if and only if bkCp. and b^ep. 
are neighbors with respect to Ai by Definition 4.16. Altogether, it follows that 
the fundamental syzygy aij is also a P-linear combination of neighbor syzygies ake 
such that fc, £ G {1, . . . ,1^} and bkep^, is a neighbor of btcp^ with respect to A4. □ 
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We are now able to define liftings of border syzygies with respect to A4 similar to 
[KK05, Defn. 22]. Later, we use liftings to characterize module border basis similar 
to the corresponding characterization for border bases in [KK05, Prop. 25]. 

Definition 4.19. Let {pi, . . . ,p^) G Syzp(6ie^j, . . . , &,ye/3^) be a border syzygy 
with respect to Ai. Then we call a syzygy 

(Pi,...,P,)eSyzp(ai,...,a.) 
a lifting of (pi, . . . ,Pu), if one of the following conditions holds for 

V = piQi H \-Pi,Q„- 

1. We have V = and 

{Pi,..., Pi,) = {pi,...,p^). 

2. We have V ^ and 

dcg(P, -p,) < indM(V) - 1 
for all j e {1, . . . , z/} such that Pj — pj ^ 0. 
In this situation, we also say that the border syzygy {pi, . . . ,p^) with respect to M. 
lifts to the syzygy (Pi, . . . , P^,) of (^i, . . . , g^). 

Theorem 4.20. (Module Border Bases and Liftings of Border Syzygies) 

The Ad-module border prebasis Q is the A4-module border basis of {Q) if and only 
if the following equivalent conditions are satisfied. 

El) Every border syzygy with respect to A4 lifts to a syzygy of {Qi, . . . ,Q^). 

E2) Every neighbor syzygy with respect to A4 lifts to a syzygy of {Gi, ■ . ■ ,Qv)- 

Proof. We start to show that condition Ei) is satisfied if Q is the A^-module border 
basis of {Q). Let 

{pi,...,Py) e Syzp{biep^,. . . ,b^ei3^) 
be a border syzygy with respect to and let 

V = piQi H VpvQi,. 

If V = 0, we see that (pi, . . . ,pu) is a lifting of (pi, . . . ,pv) by Definition 4.19. Thus 
we suppose that V 7^ 0. Since V & {Q) \ {0}, condition Ax) of Theorem 4.1 yields a 
representation 

V = piGi H V PuQu = qiQi H \- quGu 

with <7i , . . . , G P and 

dcg((Zj) <indA4(V)-l 
for all i € {1, . . . ,v} such that qj ^ 0. Let 

(Pi,...,P^) = {pi,...,pu) - {qi,...,qi,). 
Then (Pi, . . . , P^) is a syzygy of {Gi, - . ■ , Gv) by construction. Moreover, we have 

deg(P, -pj) = dcg(-gj) < indA4(V) - 1 

for all j e {\,. . . ,v] with Pj - pj ^ 0, i. e. {pi, . . . ,p^) lifts to (Pi, ... , Pi,) by 
Definition 4.19. 

Since Ei) logically implies E2) according to Definitions 4.15 and Definition 4.16, 
it remains to prove that G is the 7V(-module border basis of (G) if P2) holds. For 
all s £ {1, . . . , n}, we let 

j if XstiCoi = tjCa^ G M, 



{l,...,fi} ~^N, 



k if XgtiCai = bkCfii^ G dM. 
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be like in Theorem 4.13. We have to distinguish two cases. 
Given next-door neighbors bk , hg G dM. with respect to M , say 

where s G {!,..., n}, fc,£ G {!,..., i^}, and k ^ the corresponding next-door 
neighbor syzygy with respect to is of the form 

(7M = XsSk - Ei G Syzp(6ie/3j, . . .,Kefj^) 

by Definition 4.16. If XgQk ~ Ge ^ 0, Definition 4.19 and Proposition 2.12 yield 

indA^(a;s^fc - Ge) = 1. 

Let Xki be a lifting of ake- Then there exist di, . . . , G /v such that 

= Xs£k — £e + ^ dw£w 

w—l 

and Xke is also a syzygy of (^i, . . . , Q^) by Definition 4.19. Thus we have 

V 

= Xs I bkep^ - ^ Crnktmea„, j - I &fe^^ - ^ Cm^imec^ j 

\ m=l ) \ m=l / 

/ M \ 

lu— 1 \ m— 1 / 

?n — 1 m— 1 



?7ie{l,...,/i.} Tne{l,...,M} 
M 1/ /^i 



m— 1 10 — 1 It) — 1 m— 1 



As is A'-lincarly independent, comparison of the coefficients of hyje^^^ for all 
w G {1, . . . , z/} yields 



Crn/c if ^-ii^e^^ e x^X, 
if 6u;e^^ ^ .TsA^. 
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As M is iiT-linearly independent, comparison of the cocfScients of tpCa^ for all 
pe yields 



mG{l,...,^} i^} 

rne{l,...,/j} rne{l,..../j} 



i. e. the equations (1) of condition D2) of Theorem 4.13 are satisfied. 
Given across-the-street neighbors 6fc, G dM with respect to M., say 



with s,u S {1, . . . , n}, k, j G {1, . . . , and k ^ j, the corresponding across-the- 
street neighbor syzygy with respect to M is of the form 



by Definition 4.16. If XsGk — XuGj / 0, Definition 4.19 and Proposition 2.12 yield 



mdMixsQk ~ XuGj) = I. 



Let Xkj be a lifting of akj . Then there exist di, . . . ,di, G K such that 



Xkj — XsSk Xu^j ^ ^ d'lijEyj^ 



w—1 
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and such that Xkj is also a syzygy of {Qi, . . . , Q,^) by to Definition 4.19. Thus we 
have 

V 

= XsQk ~ XuGj + ^ dwQw 



m—1 



iL! — 1 \ m—1 / 

m—1 m—1 



w — 1 w—1 m—1 



inS{l,....M} mg{l,...,/i} 
mg{l,...,/i} )rie{l,...,/j} 



w — \ w — l rn—1 



As dA4 is /v-hncarly independent, comparison of the coefficients of b^ep^ for aU 
w G {1, . . . , i^} yields 

Cmj if bujEp^ G XsAI n XuA^, 
Cmfc if bu,ep^ e \ x^M, 

Cmj if &u;e/3„ S XuM \ XgM, 

,0 if 6u;e^„ ^ XsTW U a::„A^. 

As Ai is X-linearly independent, comparison of the coefficients of tpCap for all 
pe yields 

— ^ ^ ^pQs{m)^mk ~t~ ^ ^ ^pgu{m)^'mj ^ ^ ^w^pw 

me{l,...,/i} me{l '!" = 1 

~ ^ ^ ^PQs(m)'^mk + ^ ^ ^PQu{'m)Cmj 
me{l,...,^} mG{l ^} 



^ ^ Cmk^pw ~t~ ^ ^ 



Cm 1 Cri 



iue{l,...,i'} w£{l,...,iy} 

^ ^ ^PQs[m)^vak ~t~ ^ ^ ^pQu{rn)^mj 

mg{l,...,/i} mS{l,...,/i} 

mS{l,....M} )nS{l,...,/j} 
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i. e. the equations (2) of condition D2) of Theorem 4.13 are satisfied. 

Altogether, we see that condition D2) of Theorem 4.13 is satisfied and thus Q is 

the A^-modulc border basis of {Q). □ 

At last, we use all previous characterizations above to prove Buchberger's Cri- 
terion for Module Border Bases similar to Buchberger's Criterion for Border Ba- 
sis [KR05, Prop. 6.4.34]. It allows us to easily determine, whether a given module 
border prebasis is a module border basis, or not. But before that, we have to define 
the S-vector of two border vectors in Q in the usual way, cf. [KR05, Page 438]. 

Definition 4.21. Let i, j G {1, . . . , v}. Then we call the vector 
the S-vector of Qi and Qj . 

Tiieorem 4.22. (Buciiberger's Criterion for Module Border Bases) 

The Ai-module border prebasis Q is the M.-module border basis of (Q) if and only 
if the following equivalent conditions are satisfied. 
Fi) We have NRg(S(a,, ^j)) = for all i,j £ {1, . . .,1^}. 

F2) We have NRg(S(t/,;, ^j)) = for all i,j £ {1,...,;^} such that the border 
terms biCfj-jbjep^ £ dA4 are neighbors with respect to M.. 

Proof. Wc start to show that condition Fi) is satisfied if Q is the A^-module border 
basis of {Q). Let i,j G {1,...,;^}. If we have S{Qi,Qj) = 0, wc trivially get 
NRe(S(aj,aj)) = by Definition 2.15. Thus suppose that 8(01, Sj) ^ 0. We 
apply the Module Border Division Algorithm 2.14 to S{Qi^Qj) and Q to obtain a 
representation 

s(g,, g,) = V + NRe(s(g„ g,)) e {g) 

with V e {g) and NR0(S(ft,ai)) ^ {M)k- Then wc have 

NRc;(s(^„^,)) ^ s(g„a,) - V e {g) n {m)k - {o} 

by Corollary 2.19. 

Since F2) is a logical consequence of Fi) by Definition 4.16, it remains to prove 
that g is the A^-module border basis of {g) if F2) holds. Let biep^.bjep. £ dM be 
next-door neighbors with respect to Ad, i.e. i ^ j and 

XsbiCp^ = bjC/s. 

for some s G {1, . . . , n} by Definition 4.16. Let 

CTy = XsSi - Ej e Syzp(6ie^i, . . . ,6z.e/3j 

be the corresponding next-door neighbor syzygy with respect to A^. If we have 
S(^i,^j) = 0, we see that is a lifting of cr^j according to Definition 4.19. Thus 
suppose that S(^/i, ^/j) 7^ 0. Since NRg;(S(^/i, ^j)) = according to F2), the Module 
Border Division Algorithm 2.14 applied to the S-vector S(5i,t/j) and g yields a 
representation 

s{g.,,gj) = pi^i + • • • -f p,g, + NRg(s(e,, 5^)) = pi^i + • • • + p,g, 

with polynomials pi , . . . , G P such that 

deg(p£) < indM{S{gi,gj)) - 1 

for all ^ G {1, . . . , I'} with pi ^ 0. We now prove that (Pi, . . . , P^) G P'' defined by 
Pi = Xs — Pi, Pj ~ 1 — Pj, and Pi = —pi for all £ G {1, . . . , z^} \ {i,j} is a lifting 
of (7ij. By construction, we see that 

(Pi,...,P,)GSyzp(ei,...,g,). 
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Moreover, we have 

deg(Pj - Xs) = deg{-pi) < indMiSiGi, Gj)) - 1 
if Pi-Xs = -Pi 7^ 0, 

deg(P,- - 1) = dcg(-pj) < mdMiSig^Gj)) - 1 
if Pj — 1 = —pj ^ 0, and 

deg(Pf - 0) - dcg(-p,) < indM{S{G^,GJ)) - 1 

for alH G {1, . . . , I/} \ {«, j} with P^ - = -pi ^ 0. Hence (Pi, ... , Pu) is a Ufting 
of the next-door neighbor syzygy aij with respect to M by Definition 4.19. 
Now suppose that biep.,bjep- G dAi are across-the-street neighbors with respect 
to A4, i. e. i ^ j and 

for some s, u G {1, . . . , n} by Definition 4.16. Let 

cTy = XsEi - XuSj G Syzp(6ie/3i, . . . , &i.e^„) 

be the corresponding across-the-street neighbor syzygy with respect to A^. If 
S{Gi,Gj) — 0, we see that aij is a lifting of aij according to Definition 4.19. Thus 
suppose that S{Gi,Gj) 7^ 0. Since NRg{S{Gi,Gj)) = according to F2), the Module 
Border Division Algorithm 2.14 applied to the S-vcctor S{Gi,Gj) and G yields a 
representation 

S{Gi,Gj) = piGi H hp^Gi^ + NRg;(S(5i, Sj)) ^ piGi H \~p,yGi^ 

with polynomials pi , . . . , p,y G P such that 

degipe)<mdM{SiG..Gj))-l 

for all ^ G {1, ... , v} with pi ^ 0. We now prove that (Pi, . . . , P^) G P'^ defined by 
Pi — Xs — Pi, Pj = Xu — Pj, and Pi = —pe for all ^ G {1, . . . ,1^} \ is a lifting 

of (Tij . By construction, we see that 

(Pi,...,P,)GSyzp(gi,...,^,). 

Moreover, we have 

deg(P, - Xs) = deg(-pj) < indA4(S(^i, tjj)) - 1 

if Pi- Xs = -pi ^ 0, 

deg(Pj - Xu) = deg(-pj) < indM{S{Gi,Gj)) - 1 

if Pj — Xu — ^Pj ^ 0, and 

deg(P, - 0) = deg(-p,) < mdMiSiG^,GJ)) - 1 

for aU ^ G {1, . . . , I/} \ {i, j} with P^ - = -p£ 7^ 0. Hence the vector (Pi , . . . , Pj.) 
is a lifting of the across-the-street neighbor syzygy aij with respect to M by Defi- 
nition 4.19. 

Altogether, we have proven that every neighbor syzygy with respect to lifts to 
a syzygy of {Gi, ■ ■ ■ , Gu)- Therefore, condition E2) of Theorem 4.20 yields that G is 
the A^-module border basis. □ 
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Example 4.23. We consider Example 4.17, again. Recall, that the A^-module 
border prebasis was of the form Q = {Qi, ■ ■ ■ ,0?} Q with 



Gi 


= x^e\ - 


- yei 


f 62 




= xyei - 


- 62, 




G3 


= y^ei - 


- 2:62, 




Gi 


= x^e2 - 


- ei. 






= x^Ve2 


- ei - 


- 62 


Ge 


= xye2 - 


f 3ei, 




Gi 


= ye2 - 


xei — 





and that bicp^ — x^ei and 626^3 = xyei arc across-thc-strect neighbors with respect 
to M.. We have already seen in Example 4.14 that G is not the Al-module border 
basis of {G). Since 

NRg(S(gi, 02)) = NRe(ygi - XG2) = 2^61 + ye^ + 61 + 62 7^ 0, 

condition F2) of Buchberger's Criterion for Module Border Bases 4.22 also yields 
that G is not the TM-module border basis of {G)- 

5. The Module Border Basis Algorithm 

In this final section of Part 1, we determine the Module Border Basis Algo- 
rithm 5.3 that allows us to compute module border bases of arbitrary P-submodules 
of with finite A'-eodimension in P^ with linear algebra techniques. The algo- 
rithm was originally developed in [KK06, Prop. 18]. Our algorithm is a straightfor- 
ward adaption of the Border Basis Algorithm as described in [KR05, Thm. 6.4.36]. 

But first of all, we have to describe what we mean by reducing a vector against 
a matrix as it was described in [KR05, p. 392]. 

Definition 5.1. Let r, s G N. 

a) Let (ci,...,Cs) e A'-', (di, . . . , d,,) G A* \ {0}, and let i G {l,...,s} be 
minimal such that di ^ 0. Then the i"^ component of 

(ci,...,e,) - f^{di,...,ds) G A^ 

is 0. If Ci 7^ in this situation, we say that {di, . . . ,ds) is a reduceer 

of (ci,...,Cs). 

b) Let V G A^ and 9Jl G Matr.s(A). We say that v can be reduced against 
if there is a row vector w G A* of DJl such that w is a reducer of v. 

Before we generalize the Border Basis Algorithm [KR05, Thm. 6.4.36] to the 
module setting, we have to generalize the auxiliary algorithm [KR05, Lemma 6.4.35]. 
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Algorithm 2 computeDrderModule((i, {Vi, . . . , V^}, a) 

Require: c? G N, 

e e N \ {0} and {Vi, . . . , VJ C (r^,(ei, . . . , e,))^- \ {0}, 
V := (Vi, . . . , Vg)K Q (ir<(i(^i' • ■ • ' Sr))^ is a /^-vector subspace such that 
{V + xiV + --- + x„V) n (r^d(ei, . . . , er))K = V, 

cr is a degree compatible term ordering on T" 
1: L:=T^^(ei,...,e,) 

2: Let £i, . . . ,is G T" be terms and ui, . . . ,Us € {1, . . . , r} be indices such that 

L = {iiBui,- ■ ■ ,4e„,} and iiCui >aPos 4e„2 >o-Pos • • • >aPos ^sSus- 

3: Determine a if- vector space basis {Bi, . . . , 6fc} C {L)k of V. 
4: for i = 1, . . . , k do 

5: Determine an, ... , ais G if such that Bi ~ aniiCui + • • • + aisisSu^- 
6: end for 

7: QJ := (ajj)i<i<fe4<j<,, e Ma,tk,s{K). 

8: Compute a row echolon form W G Matfc_s(^) of QJ using row operations. 

9: Let C L be the set of terms in L corresponding to the pivot-free columns 

of 2IJ, i. c. the columns of W in which no row of 211 has its first non-zero entry. 
10: return M 



Lemma 5.2. Let d e N and let L = T^^i^i, . . . , e^). Moreover, let g eN \ {0} 
and V = (Vi, . . . , Vg) C L with {Vi, . . . , Vg} C (L)k \ {0} be a K -vector subspace 
such that 

{V + xiV+--- + x„V) n (L) K = V. 

Let a be a degree compatible term ordering on T". Then Algorithm 2 is actually an 
algorithm and the result 

Ai :~ computeOrderModule(o?, {Vi, . . . , Vg}, a) 

of Algorithm 2 applied to the input data d, {Vi, . . . ,Vg}, and a satisfies the following 
conditions. 

i) The set M C_ L is an order module. 

ii) The set ey(A^) is a K -vector space basis of {L)k/V. 

iii) We have #ev{M) = #M. 

Proof. Firstly, we show that the procedure is actually an algorithm. Since the op- 
erations in line 3, line 5, and line 8 can be computed with linear algebra techniques, 
and since the procedure is obviously finite, the procedure is an algorithm. 

Secondly, we show the correctness of the algorithm. We start with the proof that 
the set ey(A^) is a if -vector space basis of {L)k/V and #£y(A^) = Let 

with ji, . . . ,jw G {1, . . • ,s}, and let ci,. . .,Cm G if be such that 

V = cig-j^Cu^^ H h c^ij^eu^^ 6 V. 

Let {ei, . . . , Cs} denote the canonical if -vector space basis of if*. Then the corre- 
sponding vector 

Cltji H h CyCj^ G if 

of V has all its non-zero entries in the columns corresponding to Ai by line 9. As QU 
is in row echolon form according to line 8, this vector cannot be further reduced 
against 2U by Definition 5.1. Since the rows of 93 correspond to the if -vector space 
basis {Bi, . . . , Bk} by the construction in line 5, and since W corresponds to these 
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basis elements by line 3 and line 8, and since we also have V G V, it follows that 
V = 0. Thus we get ci = ■ • • = c^u = 0, i. e. ev{M) is i^T-linearly independent. In 
particular, we get ^£v{M) = H=M. Let 

W = diliCu^ +■■■ + 44e„, 6 {L)k 

with di, . . . ,ds € K . Then the corresponding vector 

diei H \-dsCs ^ K" 

can be reduced against 211 to obtain a vector 

d'i^3i + ■ ■ ■ + d'u,^3^ 
with d'l, . . . ,d'^ E K Definition 5.1. Let 

W = d'i£jie„^.^ + • ■ • + d'Jj^eu^^ G {M)k 
be the corresponding clement in {Ai)K- Then the considerations above show that 

w + v = w' + v 

and hence ev{M) is also a generating set of the if- vector space {L)k/V. Alto- 
gether, we have proven that ev{M) is a if -vector space basis of {L)k/V. 
Finally, we prove that is an order module. Let iiCui € L\M with i £ {1, . . . , s} 
and t G T" be such that i^ie„^. S L. The set A4 is an order module by Definition 2.4 
if we show that tiiCui & L\M. As iiCm G L\M, one row of 2IJ has the form 

(0,...,0,Ci,...,Cs) e K' 

where Ci ^ according to the construction of Ai in line 9. The corresponding 
vector in {L)k is 

V = CtitCu, H h Csigeu, e {L)k- 

Moreover, line 2 yields that iiCm = LTo-pos(V'). Hence we see that 

tiieu, = LTcrPos(^V), 

and the degree compatibility of a yields Supp(tV) C L. Since every line of the 
matrix 2J corresponds to a vector in V by line 5, and since 211 is constructed from 9J 
using row operation by line 8, we sec that V G V. Hence the hypothesis 

{V + xiV + ■ ■ ■ + xnV) n {l)k = V 

and induction on the degree of t also yield tV G V. Thus we see that the vector 
in corresponding to tV can be reduced against 211 to zero by Definition 5.1. In 
particular, we have to reduce the entry of this vector that corresponds to tliCui , 
i. e. there has to be one row in 21J which has its first non-zero entry in the column 
that corresponds to the term tiiCui- Altogether, line 9 yields tiiCui L\A4 and 
the claim follows. □ 

We now have all ingredients to generalize the Border Bases Algorithm as de- 
scribed in [KR05, Thm. 6.4.36] to the module setting. 
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Algorithm 3 moduleBB({i3i, . . . , Bk}, cr) 

Require: fc e N and {Bi, . . . , Sfe} C P-^ \ {0}, 

codimK((Bi,...,i3fc),P'-) < oo, 

(T is a degree compatible term ordering on T" 
1: if fc = then 
2: return (0,0) 
3: end if 

4: V := {Bi,...,Bk)K 

5: d := max{deg(t) | ^ £ {1, . . . , fc}, ie„ £ Supp(;B^)} 
6: repeat 

7; L:=Tl^{ei,...,er) 

8: V ■.= {V + XiV + --- + XnV)n{L)K 

9: while V do 

10: V := V 

U: V {V + xiV + --- + XnV)r\{L)K 

12: end while 

13: Compute e e N and {Vi, . . . , C {L)k \ {0} with V ^ (Vi, . . . ,Vg)K- 

14: M computeOrderIdeal(d, {Vi, . . . , Vg}, cr) 

15: d:=d + l 

16: until C L 

17: Let ti, . . . , G T" be terms and ai, . . . , G {1, . . . , ?■} be indices such that 

18: Let 6i, . . . , 61/ £ T" be terms and . . . , e {1, . . . , r} be indices such that 

dM = {hiep^,. . . .b^ep^}. 
19: g := 

20: for j = 1, . . . , do 

21: Determine cij, . . . , c^j G such that hjCp. + V = X]f=i (^ijU^-ai + 1^- 

22: ^ := ^ U {bjep^ - Cy ^ieaJ 

23: end for 

24: return {M,G) 



Theorem 5.3. (The Module Border Basis Algorithm) 

Let k €N, letU = {Bi, ...,Bk) <^ P'' with vectors {Bi, . . . , Sfc} C P'' \ {0} be a 
P-submodule such that coAim.K{U, P^) < 00, and let a be a degree compatible term 
ordering on T". Then Algorithm 3 is actually an algorithm and the result 

{M,g) moduleBB({Bi, . . . , Bk}, a) 

of Algorithm 3 applied to the input data {Bi, . . . ,Bk} and a satisfies the following 
conditions. 

i) The set A4 C T" (ei, . . . , e^) is an order module. 

ii) The set Q C is the A4-module border basis of U . 

Proof. Firstly, we prove that every step of the procedure can be computed. The 
maximum in line 5 can be computed as obviously fc ^ in this situation. In 
particular, it follows that dim^f (1/) > 1 in line 4. We can compute the intersection 
of iC- vector spaces for the computation of V in line 8 and line 1 1 with linear algebra 
techniques. In line 14, the while-loop in line 9 has already been finished. In this 
situation, the construction of V in line 4 and during the while-loop in line 9 yields 
Q = dimx(V^) > 1 and 

V = v' = {v + xiV + ■■■ + xnV) n {l)k, 
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after the while-loop. In other words, the input data d, {Vi,...,Vg}, and cr in 
line 13 satisfy the requirements of Algorithm 2. Thus we can compute an order 
module M C {L)k such that ev{M) is a i^T-vector space basis of {L)k/V and such 
that ^£v{M) = according to Lemma 5.2 in line 14. Moreover, the repeat- 

until-loop in line 6 only stops if dA4 C L. Thus wc can compute the coefficients 
cij, . . . , c^j S K for all j € {1, ...,;/} in line 21 with linear algebra techniques, too. 
All the other steps of the procedure can be trivially computed. 
Secondly, wc show that the procedure stops after a finite amount of time. We start 
to show that the while-loop in line 9 eventually terminates. By the construction 
of V and V' in line 10 and line 11, we see that we always have V C V' C {L)k- 
Assume that V ^ V in this situation, i. e. the while-loop in line 9 is executed at 
least one time. For every i £ N, we let be the if- vector subspace V' C {L)k 
after the z*^ iteration of the while-loop. Since we have 

#L = #T;^rf(ei,...,e,) <oo, 

i.e. dimA'((^)A') < oo, the chain 

c y/ c 1/2' c . . . 

must eventually get stationary. In this situation, we have ~ ^/-i for some 
i e N \ {0} and therefore V ~ V in line 9. Thus the while-loop terminates after 
the i*^ iteration. 

Thirdly, we prove that the repcat-until-loop in line 6 stops after a finite amount of 
time. Let H = {"Hi, . . . , Hv} ^ with w e N be the reduced a Pos-Grobner basis 
of U. For all j G {I, . . . ,v}, there is a representation 

Hj = PjiBi H h PjkBk 

with pji, . . . ,pjk G P. Let 

d' = max{deg(t) | j e {1, . . . , w}, Z £ {1, . . . , fc}, ie„ G Supp(pjfBf )}. 

This maximum exists as fc > in this situation as we have seen above. Then we 
have % C {L)k after the while-loop in the case that d = d' . Now suppose that we 
are in the situation that d = d' during the repeat-until-loop. Let Ai be the result 
of Algorithm 2 computed in line 14. Then A4 is an order module such that ey(A^) 
is a il'-vector space basis of {L)k/V and #£y(A^) = ifM by Lemma 5.2. Let 

L — {^i^ii^ , . . . , £s^us } 

with £1,. . . ,£s e T", ui,. . . ,Us G {1, . . . , r}, and 

^l^ui -^crPos ■ ■ ' -^cr Pos ^s^Us 

be like in line 2 of Algorithm 2 during the computation of M by Algorithm 2 in 
line 14. Furthermore, we let W G Matm.s(i^) with m G N be the matrix in row 
echolon form used during the computation of Ai by Algorithm 2 in line 14. Let 
j G {1, . . . , v}. We write 

T-l-i = CiliCui -\ h CslsCu, 

with ci, . . . , Cs G if . Then the vector 

(ci,...,Cs) G 

corresponds to T-Lj. Let 

with w G {l,...,s}. Then it follows that 

(Ci, . . . ,Cs) = (0, . . . , 0, 1, Cu, + i, . . . ,Cs). 
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by [KROO, Defn. 2.4.12]. Since Hj G y, we sec that there exists a vector in K" 
corresponding to a vector in V which has its first non-zero entry in the w*^ column 
of 2IJ, namely the vector 

(0,...,0,l,Ci„+i,---,Cs) 6 
corresponding to Hj. Thus the construction of M in line 9 of Algorithm 2 yields 
that 

LT,Pos(7^j) ^X, 

and it follows that 

M C aPos(C/). 

Thus 

ax c aM c do^Pos{u) c l 

as % Q {L)k and hence the repeat-until-loop terminates in the case that d = d! . 
Altogether, we see that the procedure is actually an algorithm. 

It remains to prove the correctness. We have to distinguish two cases. For 
the first case, we suppose that the algorithm stops in line 2. Then we see that 
(Si, . . . , Bk) — {0} and the assumption codimx({0}, P^) < oo yields r ~ 0. Thus 
is obviously the 0-module border basis of {Bi, . . . , Bk) = {0} by Definition 2.13. 
For the second case, we now suppose that k ^ 0. As is computed in line 14 with 
the use of Algorithm 2, Lemma 5.2 yields that M. is an order module. 
For all j G {1, . . . , i^}, we let 

i=l 

with Cy , . . . , Cfj,j € K he like in fine 22. Then Q = {Qi, . . . .Q^} is an A4-module 
border prebasis. We now show that LTo.pos(^i) = ^j^Pj for all j S {l,...,i/}. 
Let i G {1, . . . , v}. Consider 2U G Mat,„^s(/-r) and ^ie„i , . . . , igSus G L like above, 
again. We write 

with ci, . . . , Cs G -fsT. Then the vector 

(ci,...,c,) GiC^ 

corresponding to Qj represents a if-linear dependency of the terms in L. Assume 
that 

with w G {1, . . . , s}. As cr is degree compatible, (ci, . . . , c^) G is a vector which 
has its first non-zero entry in the column corresponding to the term iw^u^ G -M.. 
But this is a contradiction to the construction of Ai in line 9 of Algorithm 2, i.e. 
we have 

LTCTPos(^j) = bjCp^. 

We go on with the proof that the normal remainders of the S- vectors of all neighbors 
with respect to A4 vanish. Let 6ie^. , bjCp- G dA4 with i,j G {1, . . . , and i ^ j 
be neighbors with respect to A4. We have already shown that we have dA4 C L at 
the end of the algorithm, i. e. we have dM C L. Using the Module Border Division 
Algorithm 2.14 applied to S{Gi,Gj) and we can compute ci, . . . ,Cj/ G K such 
that 
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Since we have also already seen that Q V, i.e. we have S{Qi,Qj) G as 
biep.,bjej3- S dM are neighbors, and ev{M) is a i^-vector space basis of {L)k/V, 
it follows that 

V = S(a,, g,) + NRg(S(g,, g,)) + V. 
In particular, we see that 

NRg(S(a,,a,)) eVn{M)K = {0}. 

Altogether, we see that condition F2) of Buchbcrgcr's Criterion for Module Border 
Bases 4.22 is satisfied, i.e. Q is the A4-module border basis of (Q). 
Therefore, the claim follows if we show that Q generates U. For every j S {1, . . . , i^}, 
we have already seen that Gj € V C U, i. e. we have (Q) C U. For the converse inclu- 
sion, we let w € {1, ... , k}. We apply the Module Border Division Algorithm 2.14 
to Bm and Q to obtain a representation 

with V e (G) and NRg(;B^,) G {M)k- During the Module Border Division Algo- 
rithm 2.14, we always subtract multiples of the form tGj with a term t G and 
j G {1, . . . , z^} to eliminate the term thjCp.. Since a is a degree compatible term 
ordering on and since we have hjep- = LTcrPos(^/j), it follows that all the vectors 
that are used for these reductions satisfy tGj G {L)k. Thus we have 

V G y c {l)k 

because G '~=V . Altogether, we see that 

V = B^ + V ^^Rg{B.^) + V. 
Since ey(A^) is a if-vector space basis of {L)k/V by Lemma 5.2, it follows that 

NRe(i3„,)Gyn(X)K = {0}. 

Thus it also follows that 

6^ = V + NRe(i3^) = VG(e), 

Therefore, we see that 

U ^{Bi,...,Bk) c {G). 
Altogether, we have proven that G is the Al-border basis of U . □ 

Example 5.4. Let = Q, P = and a = DegRevLex. Furthermore, we 

let 

U^{B^,...,B,) 

= ((-2, ix - 1), (3x + 4, 2), (0, y - 1), {y - 1, 0), {x + y + l,-x + y)). 

Since we have xe2, xei, ye2, yei G LTctPos(C^); we immediately sec that 

codimK(C/,P') = #aPos(t/) < #{61,62} = 2 < 

with Macaulay's Basis Theorem [KROO, Thm. 1.5.7]. Thus the requirements of the 
Module Basis Algorithm 3 are satisfied. 

We consider the steps of the Module Border Basis Algorithm 3 applied to the 
input data {Bi, . . . , 65} and a in detail. We initialize 

V = ((-2, 3a; - 1), (3x + 4, 2), (0, y - 1), {y - 1, 0), {x + j/ + 1, -a- + y))K 

in line 4 and thus have d — 1 and 

L = T<i(ei,e2) = {xeia:e2, yei, 2/62, 6162} 
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in line 5. Moreover, we compute that 

V ^ (y + xv + yV) n {l)k V 

in line 8. Thus the while- loop in line 9 does not need to be executed and we have 
{Vi,...,V5} = {6i,...,B5}in line 13. 

Next we consider the computation of Jv[ in line 14 with Algorithm 2 applied to 
the input data 1, {i3i, . . . , Bs}, and a. We order the terms in L according to a Pos 
descendingly and compute the matrix 



2J: 



/O 

3 





3 




-1 



-2 
4 


-1 
1 



-1\ 
2 

-1 


0/ 



e Mat5,6( 



like in line 7 of Algorithm 2. 
Algorithm 2 is then 



2IT = 



i. e. we get the order module 



The (reduced) row echolon form needed in line 8 of 



e Mat5,6( 



/I 











4 2 \ 





1 








3 3 








1 





-1 











1 


-1 


Vo 











/ 



X = {61,62} CT2(ei,e2) 

after line 14 of Algorithm 3. 
As the border of M. satisfies 

dM = {a;ei,a;e2, 2/61,2/62} C L, 

we stop the computation of the repeat-until-loop in line 6. We then proceed with 
the computation of the for- loop in line 20 and get the set Q = {Qi, ■ ■ ■ tQa] Q 
with 



Q2 
G3 
Qa 



xei 
xe2 
yei 

y62 



|6l 
§61 

ei, 

62- 



§62, 
^62, 



According to Theorem 5.3, Ai is an order module and G is the A^-module border 
basis of U. In particular, since the set of all corners of M is {xei, x'62, yei, 2/62} 
by Definition 3.2, Q is also the reduced cr-Grobner basis of U according to Propo- 
sition 3.3. 

Remark 5.5. In contrast to the theory of border bases in [KR05, Section 6.4] 
or [KK05], we explicitly had allowed that order ideals in T" are empty by Defi- 
nition 2.1. The reason is as follows: Let ct be a degree compatible term ordering 
on T", and let fc G N \ {0} and {Bi,...,Bk} C P'' \ {0} be vectors such that 
U = {Bi, . . . ,Bk) C P"" is a P-submodule with codimK{U,P^) < 00. Moreover, 
assume that r > 2 and 61 — 62 G U, i. e. U contains a iC-linear dependency of the 
elements {61, . . . , 6^}. Then the result A4 in line 14 of the Module Border Bases 
Algorithm 5.3 applied to {Bi, . . . ,Bk} and a does not contain all the elements of 
{61, . . . , 6r}, namely the above i^-linear dependency yields 61 ^ as 61 >crPos 62. 
By allowing empty order ideals in Definition 2.1, this fact does not vanish, but the 
result of the algorithm is still an order module according to Definition 2.4. 
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Part 2. Module Border Bases of Quotient Modules 

In Part 1. we have defined module border basis of P-submodules [/CP'' with 
finite if-codimension and r G N. In Part 2. we extend this theory to module border 
bases of P-submodules C / S of quotient modules of modulo an arbitrary 
given P-submodule S C P^ with finite i^T-codimension and r G N. 

In Section 6, we introduce the general concept of quotient module border bases. 
We start to generalize order modules to order quotient modules in Definition 6.1. 
In Definition 6.3, we introduce quotient module border bases as a straightforward 
generalization of module border bases. Given a quotient module border basis, we 
then construct characterizing module border prebases in Definition 6.7. The central 
result of this section, Theorem 6.10, then allows us to characterize quotient module 
border bases with the use of these characterizing module border prebases. As a 
consequence of this, we will determine an algorithm for the computation of quotient 
module border bases in Corollary 6.14. Moreover, we deduce characterizations of 
quotient module border bases similar to the characterizations of module border 
bases in Section 4. In particular, we characterize quotient module border bases 
via the special generation property in Corollary 6.16, via border form modules 
in Corollary 6.17, via rewrite rules in Corollary 6.18, via commuting matrices in 
Corollary 6.19, via liftings of border syzygies in Corollary 6.20, and via Buchberger's 
Criterion for Quotient Module Border Bases in Corollary 6.21. 

In Section 7, we apply the notion of quotient module border bases to subideal 
border bases, which have been introduced in [KPll]. To this end, we then see in 
Proposition 7.3 that every subideal border basis is isomorphic as P-module to a 
quotient module border basis. We will use this isomorphy to deduce an algorithm 
for the computation of subideal border bases in Corollary 7.3 and to characterize 
subideal border bases in Remark 7.7. 

6. Quotient Module Border Bases 

In this section, we define module border bases of arbitrary quotient modules of 
free P-modules of finite rank over the polynomial ring P. To this end, we always 
let r e N and S* C P'' be a P-submodule. Moreover, we let {ei,...,er} be the 
canonical P-module basis of the free P-module P^ . Recall, for every P-module M 
(respectively iiT-vector space) and for every P-submodule U 'Z M (respectively 
if- vector subspace), we let 

eu ■■ M ^ M/U, m^m + U 

be the canonical P-module epimorphism (if- vector space epimorphism). 

We start with the generalization of order modules defined in Definition 2.4 and 
their border in Definition 2.5. 

Definition 6.1. Let M ^ Oid U • • ■ U OrCr with order ideals d, . . . , 0^ C T" 
be an order module. 

a) We call the set 

es{M) :=Oi-{ei + S)U---LiOr-ier + S)C P'^/S 

an order quotient module. 

b) The set 

des{M) = es{dM) = aOi • (ei + 5) U • • ■ U dO,- ■ (e,- + S) C p-'/S 
is called the (first) border of £s{M). 
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Example 6.2. Let K ^ Q, P = Q[x,y], let {61,62} be the canonical P-module 
basis of , and let 

S = {xei - ye2) C P^. 

Additionally, we let d {x,y,l} C and O2 = {x,l} C T". Then both d 
and O2 are order ideals by Definition 2.1 and 

^Oi- (61 + 5) U O2 ■ (62 + S) 
= {xei + S, yei + S,ei + S, xe2 + 5, 62 + 5} 
is an order quotient module with border 

dM^ = dOi ■ (61 + S*) U d02 ■ (62 + S) 

= {a;^, xy, y^} ■ (61 + S) U {x'^,xy, y} ■ (62 + S) 
= {xyei + S, y^ei + S, x^e2 + S, xye2 + S, 2/62 + S} 
according to Definition 6.1 as x'^ei + 5 = xye2 + S. In particular, we also see that 
xei + = 2/62 + 5 G n dM^. 

Similar to the definition of order modules in Definition 2.4, we now define quo- 
tient module border prebases to be the images of module border prebases under 
the canonical P-module epimosphism £5. 

Definition 6.3. Let M = OiCi U • • • U OrCr be an order module with finite 
order ideals Oi, . . . , d ^ T". We write Ad = {tiCan ■ ■ ■ ,i/j6Q^_} and the border 
dM. — {6i6/3i , . . . , h^ep^} with ^, 1/ g N, ti, bj G T", and ai, f3j G {1, . . . , r} for all 
i G {1, . . . , ^} and j G {1, . . . , i^}. Moreover, we let Q ~ {Qi, . . . , 0„} C P'' be an 
A^-module border prebasis with Qj = bjep- — (^ij^i^ai where cij, . . . , c^y G K 
for all j G {1, . . . , v}. 

a) We call the set es{Q) = {es{Qi), ■ ■ ■,£s{5^)} C P'-fS where 

£s{Gj) ^Gj + S = bjCp^ - ^ CijUcai + S 

i=l 

an es(A4)-quotient module border prebasis. 

b) Let C P^ / S be a P-submodule. The £s(A^)-quotient module border 
prebasis £s{G) C P^' / S is called an £5(A^)-quotient module border basis 

of if es{G) C C/^, if the set 

{eus o es){M) - {(ti6,, +S) + U^,..., {t^e^^ + S) + U^} 
is a X-vector space basis of {P^ /S)/U^ , and if #(£(75 o £5)(A^) = ^. 

Remark 6.4. One might think that all the definitions and propositions about 
module border bases in Part 1 can be generalized to quotient module border bases 
in a straightforward way. Unfortunately, the situation is more complicated than 
expected. We have already seen one big difference concerning module border bases 
and quotient module border bases in Example 6.2. Namely, we have seen that it 
can happen that the order quotient module and its border have some elements in 
common, i.e. the straightforward, analogous version of Proposition 2.7 is wrong. 
Since most of the propositions in Part 1 are based on this proposition, the theory of 
quotient module border bases needs much more care in the definitions and proofs. 
Moreover, we see that quotient module border bases are indeed a real extension of 
module border bases — meaning that the theory cannot be copied from the usual 
module border bases in a straightforward way — and thus also of the usual border 
bases. 
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As we have seen in Remark 6.4, we cannot proof analogous versions of every 
proposition in Part 1. Fortunately, we can reuse some of the concepts, e. g. we can 
prove the uniqueness of quotient border bases — if there exists one — similar to the 
proof in Proposition 3.1. 

Proposition 6.5. (Uniqueness of Quotient Module Border Bases) 

Let Ai^ C / S be a finite order quotient module, C / S be a P-suhmodule, 
and let G^tG'^ Q P^' / S be two -quotient module border bases of . Then we 
have G'^ = G'^. 

Proof. We write the order quotient module = {tiea^ + S,. . . , i^Ca^ + S} and 
its border dM^ = {h\ep^ + S', . . . , h^ef^^ + S} with ^, G N, terms ti, bj e T", and 
i,f3j G {1, . . . , r} for alH S {!,..., fi} and j e {1, . . . , v}. Then the "^-quotient 



a 



module border bases G^ and G'^ are of the form G^ = {^f i ■ • • i G^} ^ / S with 
Gj = bjCff. - J2i=i CijtiCai + S where cij, . . . ,c^j e K for aU j € {1, . . . , i^}, and of 
the form G'^ = {G'f , ■■■^G'f}'^ P^'/S with = 6,e^^. - Ef=i 4jUea. + S where 



c 



■^j,...,c'^j € K for all j e by Definition 6.3. Assume that ^ 

for some i G {1, . . . , /i} and j G {1, . . . , i^}. Then we have the non-trivial i^-linear 
dependency 

= - Gf + 

= I ^J^Po - H Ckjtkea^ - bjCfi^ + ^ c'kjtkea, + S ] + 
fc=i fc=i 



in contradiction to Definition 6.3 and the claim follows. □ 
For the remainder of this section, we let 

= {tie,, +S,..., Vea, +S}C P^'/S 
be a finite order quotient module with border 

dM^ = {biep, +S,..., b,ep^ + ^} C p-'/S 

where G N, ti,bj G T", and ai.Pj G {l,...,r} for all i G {1,...,^} and 
j G {1, . . . , u}. Moreover, we let G'^ {Sf , ■■.,G^}Q P'^/S with 

Gj = bjCp^ - ^ Ci-jt^ea, + S, 

i=l 

where Cy G if for alH G {1, . . . , /i} and j G {1, . . . , i'}, be an A^'^-quoticnt module 
border prebasis . 

We have already seen in Definition 6.3 that quotient module border bases are 
very similar to module border bases, cf. Definition 2.13. We now want to study their 
similarity in more detail. In order to do this, we regard special order modules that 
correspond to in Definition 6.6 and construct special module border prebasis 
G C P^ that correspond to G^ in Definition 6.7. If there exists such a corresponding 
module border prebasis G C P*", we can reduce the question whether G^ is the 

■^-quotient module border bases of {G^), or not, in Theorem 6.10 to the question 
whether G is the module border basis of {G) and 5* C (G). This result is the core of 
the theory of quotient module border bases as it implicitly allows us to reuse many 
results of Part 1. In particular, we use this theorem to compute and characterize 
quotient module border bases at the end of this section. 
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Definition 6.6. We call an order module A4 C T"(ei, . . . , e^) an order module 

characterizing ii es{M) = and if the restriction EsIm of es to M is 
injective. 

Definition 6.7. Let M C T"(ei, . . . , e^) be an order module characterizing A4^ . 
By choosing suitable representatives of the elements in Ai^ C /S, we can 
w. 1. o. g. assume that 

M ^ {tiBa^,. . .,tf^ea^^} C T"(ei, ...,er) 

as es{M) = and as EsIm is injective by Definition 6.6. The border of M then 
has the form 

dM = {biej3^, . . . ,b^ep^^,b„+ief3^^^, . . . ,b^efj^} C T"(ei, . . . , e^) 

with an a; e N such that uj > • • ■ , &w & T", and P^+i, • ■ • , /^w S {1, . . . , r}. 

For all j G {1, . . . , I/}, we define 

1=1 

For all j G {i^ + 1, . . . , w}, there exists a unique index k g {1, . . . , i^} such that 

bjcp^ + S = esibjep^) = £s{bkep^) = 6^6/3, + 5 
according to Definition 6.1 and we define 

i=l 

We call the set Q = {^/i, . . . , t/c^} C the y\4-module border prebasis char- 
acterizing 0^ . 

Example 6.8. We consider Example 6.2, again. Recall, that 

S = {xei - 2/62) C 
that the order quotient module has the form 

= {x, y, 1} • (ei + S)U {x, 1} • (es + S) 
= {xei + S, yei + S,ei + S, xe^ + S", 62 + S}, 
and that its border is 

dM^ = {a;^ a;?;, j/^} • (ei + S*) U {x^, xy, y} ■ (e2 + S) 

= {xyei + S", y^ei + S", 2:^62 + S, xye2 + 5, ye2 + S}. 
Then the set 0^ = {^^f , . . . , } C P^S* with 

Qf = xyei -yei + S 
Q2 v'^ei -61-62 + 5 

= x^e2 + ei + S 
Qf = xye2 - xei +62 + 5" 
5f ^ Ve2 ~ e2 + S 

is an A^"^-quotient module border prebasis according to Definition 6.3. 
Moreover, we immediately see that the set 

M = {x, y, 1} • ei U {x, 1} • 62 

= {xei,yei,ei,xe2,e2} C T" (61,62) 
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is an order module characterizing by Definition 6.6. The border of A4 is 
dM = {x'^,xy, y"^} ■ eiU {x^,xy, y} ■ 62 

= {xyei,y^ei,x^e2,x?/e2, j/e2,x^ei} C (61,62). 
Furthermore, the set Q — {Qi, . . . ,Qq\ C with 



Gi 


= xyei 


- yei 




Q2 


= y^ei 


- 61 - 


62 


03 


= x^e2 


+ ei 




04 


= xye2 


— xei 


+ 62 


05 


= 2/62 - 


' 62 




06 


= x^ei 


— X61 


+ 62 



is the A^-module border prcbasis characterizing according to Definition 6.7 as 

x^ei + S ^ xye2 + S. 

Note that 

and that the construction yields 

es(06) = 2:^^61 - xei + 62 + 5 = xy62 - a;6i + 62 + S* = es(04) = 0f- 

After the following auxiliary lemma, we are ready to prove our main result, 
namely the characterization of quotient module border bases via characterizing 
module border bases. 

Lemma 6.9. Let Bi, . . . ,Bk e P'' and let Bf = es{Bi) ^ Be + S C P'-fS be 
for every index I G {l,...,fc}. Furthermore, we let U — {Bi, . . . , Bk) ^ and 

^{Bf,...,Bl)cP'-/S. 
In addition, suppose there exists an order module C T"(6i, . . . , 6^) characteriz- 
ing and let Q C_ P^ be the M-module border prebasis characterizing . 

a) We have es{U) — . In particular, es{{G)) = (0'^)- 

b) We have Sg^U'^) ^U + S. In particular, £^^((0^)) = (0) + 5. 

c) The set Q is an M -module border prebasis. 

Proof. The definitions of U and immediately yield the first claim of a). Thus 
we go on with the proof of the first claim of b). For the first inclusion, we let 

V = piBi + ---+pkBk + S eU + S 

with polynomials pi, . . . ,pk & P and S E S. Then we see that 

es{V) = pies(Bi) + • • • + pkEsiBk) + es{S) 

= PiBf + ---+pkBl e U^. 

For the converse inclusion, we let W G eg^{U^) C P*". Then there exist polynomials 
qi, . . . , Qk & P such that 

SsiW) = qiB^ + ■■■+ quBt = esiqiBi + • • • + cikBk). 

Thus we have 

W - {qiBi + ■■■ + qkBk) e ker(es) = S 

and this yields W eU + S. 

Let = {01, . ■ . , Guj} P^ with w > 1/ be written like in Definition 6.7. Then the 
second claims of a) and b) follow by the construction of G according to Definition 6.7 
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and the above proofs as for all j G {i^ + 1, . . . , w}, there exists a fc e {1, . . . , z^} such 
that esiGj) = 

Finally, the construction of in Definition 6.6 and Q in Definition 6.7 yield 
that M is an order module and that Q is an A^-module border prebasis. □ 

We now use Lemma 6.9 to proof the main result of this section, namely the 
characterization of quotient module border bases via characterizing module border 
bases. 

Theorem 6.10. (Characterization of Quotient Module Border Bases) 

Suppose that there exists an order module Ai C T"(ei, . . . , e^} characterizing Ai^ 
and let Q C be the M-module border prebasis characterizing C P'^ / S. Then 
the following conditions are equivalent. 

i) The M.^ -quotient module border prebasis is the A4^ -quotient module bor- 
der basis of (G^) . 

ii) The Ai-module border prebasis Q is the jVl-module border basis of {Q) and 
we have S C l^Q) . 

Proof. Let C T"(ei, . . . , e^) and g = {Qi, . . . ,Qu,} ^ P'' with u > v he written 
like in Definition 6.7. In particular, i. e. = {tiCa^ , • ■ • , i^eo,^ }. 

Firstly, we prove that S C [Q) if is the tVI '^-quotient module border basis 
of {Q^). Suppose that is the 7W '^-quotient module border basis of {Q^). Assume 
that S % (g). Let S e S\{g). We apply the Module Border Division Algorithm 2.14 
to iS and g to obtain a representation 

S = Pl^l H h + CitiCai H h Cf^t^Ca^ 

with pi, . ■ . ,Puj ^ P and ci, . . . , G A'. Since S ^ (C/), we see that 

ClilBQi H h C^tf^Ca^^ ^ 

and thus there exists an index i G {1, . . . , /i} such that ci ^ 0. Moreover, Lemma 6.9 
yields 

{g^) = es{S) + {g'') 

= £s{PlQl H ^Pi^gLj + CltiCai H h C^^t^Ca^) + {g'^) 

= {Pies{Qi) + ■ ■ ■+Pu>es{gu>) + (ciiie„, + • • ■ + c^^e^J + S) + (5^) 

= (citiCQi H h C^t^Ca^, + S) + (g^^). 

As es{M) — and EsIm is injective according to Definition 6.6 and as ^ 0, 
it follows that e(^gS'^{M^) C {P^ /S)/{g^) is ii'-linearly dependent in contradiction 
to Definition 6.3. Altogether, we have proven that S C (g). 

Secondly, we prove the claimed equivalence. Suppose that 5 C (g). Then 
Lemma 6.9 yields eg^{{g^)) = (g) and hence es induces a P-modulc isomorphism 

p'-fig) = p'-/ss\{g')) = es{pn/{g') = {p'/s)/{g^) 

according to the Second Noether Isomorphism Theorem. As es{M) = and 
as es\M is injective by Definition 6.6, it follows that g is the A^-module border 
basis of {g) if and only if g^ is the Al'^-quotient module border basis of {g^) by 
Definition 2.13 and Definition 6.3. □ 

Example 6.11. Let K = Q and P = Q[x, y]. Furthermore, we let 

5*= {{x + y + l,-x + y)) C P^ 

be a P-submodule, 

es : P^ ^ P^/S, V^V + S, 
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be the canonical P-module epimorphisni, and {61,62} be the canonical P- module 
basis of P^. Consider the order module 

A^ = {ei,e2}CT2(6i,e2), 

and the Al-modulc border prcbasis Q = {Qi, . . . , Q4} C with 

Gi = xei + |ei + §62, 
02 = xe2 - §61 - ie2, 
G3 = yei - 61, 
Ga: = ye2 - 62. 

In Example 5.4, we have shown that G is the A4-module border basis of 

U={{x + y + l, -X + y), (-2, 3x - 1), (3a; + 4, 2), (0, y - 1), {y - 1, 0)) C P^. 
In particular, we hence have U ~ {G) by Corollary 2.17. Let 

^ es{M) = {ei + S,e2 + S] 
and G^ = {Gf, . . . , } = es{G) C P^/S with 



= es{Gi) = xei + |ei + §62 + S, 
Gi = £5(6^2) = a;62 - fei - ^62 + S, 
Gi = £5(^3) yei -61+5", 



G! = £5(^4) = ye2 -e2 + S. 

Then we sec that M. is an order module characterizing the order quotient mod- 
ule by Definition 6.6 and G is the A4-module border prebasis characterizing 
the A^-quotient module border prcbasis G^ by Definition 6.7. As we also have 

S^{{x + y+l,-x + y)) C (G), 

and as G is the A^-module border basis of (G), Theorem 6.10 yields that G^ is the 
■^-quotient module border basis of 

{Q') = (ssiG)) 

= ((-2, 3a; - 1) + 5, (3a; + 4, 2) + S, (0, y - 1) + S, {y - 1,0) + S) C P'^/S. 

Remark 6.12. The assumption in Theorem 6.10 that an order module A4 char- 
acterizing exists, is crucial as the following example shows. 

Let P = Q[a;,2/], {61,62} be the canonical P-module basis of P^, and 

S = (a;6i - 2/62) C p2. 

We consider the order quotient module 

A^^ - {x^,x, 1} ■ (ei + ^) U {y^ y, 1} ■ (62 + S) 

= {x^ei + S, xei -f S", 61 + S, j/^62 + ye2 + 5, 62 -f S} 

= {61 + 5*, y^62 + 5", j/62 + 5, 62 + S, xye2 + S} 

= {1} • (61 + 5) U {xy, y\ y, 1} • (62 + 5) C P^S. 

We see that = 5 as 

a;6i -t- S" = y62 + G , 

and that 

x^ei + S = xye2 + S" G . 
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Assume that there exists an order module M C T^(ei,e2) characterizing . 
Then we have = 5, y^e2 G M, and x'^ei e M or a;ye2 £ 7W. If x^ei £ M, 

Definition 6.6 and Definition 2.4 yield the contradiction 

#M > #({^2, X, f } • ei U {y^ y, 1} • 62) = 6 > 5 = 

If a:ye2 S A4, Definition 2.4 yields that xe2 G A4 and hence we get the contradiction 
£s{xe2) = xe2 + S e by Definition 6.6. 

Thus there exists no order module characterizing A^"^ by Definition 6.6. In particu- 
lar, we see that we cannot use Theorem 6.10 for every "^-quotient module border 
basis. 

Remark 6.13. Although we have seen in Remark 6.4 that we cannot reuse the the 
results of module border bases in Part I in a straightforward way, we can identify 
quotient module border bases with their characterizing module border bases — if 
they exist — according to Theorem 6.10. This allows us to define similar concept 
like the Module Border Division Algorithm 2.14 — and thus the normal remainder — 
for quotient module border bases the following way. 

Suppose that there exists an order module M C T"(ei, . . . , e^) characteriz- 
ing Ai^ ■ Firstly, we have to compute an order module A4 characterizing A4^ like 
in Definition 6.6 and the A^-module border prebasis Q characterizing like in 
Definition 6.7. Secondly, we have to determine one representative V G P*" of a 
given element V"^ € P"^ /S and apply the Module Border Division Algorithm 2.14 
to V and Q to obtain a representation 

V = PlGl H h Pu^Gu + CitiBai H h C^t^ea^ 

with pi, . . . ,pi^ G P and ci, . . . , € K . Finally, we have to apply ss to this result 
and get a similar representation of G P^ /S, namely 

V'^ = ss{V) 

= Pi£s{Gi) H l^PcjSsiGu) + (ciiieai H h c^t^CaJ + S 

= qiGf + ■■■ + quG^ + (ciiiCa, + • • ■ + c^<^e„J + 5 G P'VS* 

with polynomials (71, ... ,(7^ G P, cf. Lemma 6.9 and Definition 6.7. We can then 
define the element 

Clhea^ H h C^tpCa^, + 5" G P'' /S, 

which is a representative of the residue class V"^ + {G^) G [P"^ / S) / {G^) , to be the 
normal remainder of V'^ G P^ / S with respect to G^ and V. In particular, we are 
then able to generalize Corollary 2.17 and Corollary 2.18 to quotient module border 
bases using this construction. 

Many other concepts can be defined for quotient module border bases the same 
way, e. g. an A^'^-index like in Definition 2.10 or the special generation property in 
Theorem 4.1. But note that the result of the last step, namely applying es to the 
result in P'', can lead to inconsistencies if we do not distinguish between different 
representatives of the given residue class, as the following example shows. 
We consider Example 6.8, again. Recall, that we have had 

xei + S = ye2 + S e n dM^ . 

Then the above construction assigns xei+S the A^"^-index ind^^ (xei) — 0, whereas 
the same residue class ye2 + 5* is also assigned the A4'^-index ind;vi(ye2) = 1. 

Altogether, we see that we can reuse the concepts of Part 1 but we sometimes 
must not define these concepts for a given residue class in P^ / S itself, but only for 
a specific representative of it in P*". 
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We now use Theorem 6.10 to determine an algorithm that computes a quo- 
tient module border basis of an arbitrary P-submodule C P^/S with finite 
isT-codimension in P^/S. The idea of this algorithm is, that we first compute an 
A4-module border basis ^ C P*" of the P-submodule eg^(U^) C P^ and then ap- 
ply £5 to the result to derive the e5(A^)-quoticnt module border prcbasis SsiQ), 
again. Then we see that Ai is an order module characterizing £s{A4) and that Q 
is the e5(A^)-module border prebasis characterizing £s{G), and hence the claim 
follows with Theorem 6.10. 



Algorithm 4 quotModuleBB({Bi, . . . ,Bk}, {Si, . . .,Se}, a) 

Require: fc G N and {Bi, ...,Bk}CP'-\ {0}, 
£eNand . . . , 5^} C P'' \ {0}, 
codim;f((Bi,...,Bfc) + (5i,...,5f),P'-) < 00, 
(T is a degree compatible term ordering on T" 

1; S:= {Si,...,Se) 

2: Let es : P'^/S, eu ^Ck + S. 

3: {M,Q) :=moduleBB({Bi,...,Bfe,>Si,...,5a,CT) 

4: :-es(A^) 

5: ■=es{Q) 

6: return {M^ ,Q^) 



Corollary 6.14. (The Quotient Module Border Basis Algorithm) 

Leti<En andS ^ . . . ,5^) C P'' with {Si, ...,Si}C P'-\{0} be a P-submodule. 
Let fc G N and U'^ = {Bi + S, . . . , Bu + 5) C P75 with {Bi,..., Bu) C P'' \ {0} 
be a P-submodule such that codimK{U^ , P^' / S) < 00. Moreover, let a be a degree 
compatible term ordering on T". Then Algorithm 4 is actually an algorithm and 
the result 

(X^, gS) := quotModuleBB({Bi, . . . , Bk}, {Si, . . .,Se}, <j) 

of Algorithm 4 applied to the input data {Bi, . . . , Bk} , {Si, . . . ,Si}, and a satisfies 
the following conditions. 

i) The set C P"^ / S is an order quotient module. 

ii) The set C P^ / S is the A4^ -quotient module border basis of . 

Proof Let U ^ {Bi, . . . , Bk) + S C P'\ 

We start to prove that the procedure is actually an algorithm. First, we check 
that the requirements of the algorithm are satisfied, i.e. if codimj^ ([/, P'') < 00 
holds. Since Lemma 6.9 yields that 

Ss\u')^{Bi,...,Bk) + S = U, 

we have 

P7C/ = P'-/es\U^) ^ es{P'')/U^ = iP'-/S)/U^ 

by the Second Nocthcr Isomorphism Theorem. In particular, we see that 

codimA'(C/,P'') = codim/f(C/^, PVS") < 00, 

and the requirements of the algorithm are satisfied. Additionally, since we have 
U = {Bi, . . . ,Bk,Si, . . . ,Si), it follows that line 3 can be computed in a finite 
amount of time by Theorem 5.3. As all the other steps can obviously be computed 
in a finite amount of time, we see that the procedure is actually an algorithm. 

Next we show the correctness. According to the Module Border Basis Algo- 
rithm 5.3, we compute an order module M C T"(ei, . . . , e^) such that Q C P^ is 
the A^-module border basis of U in line 3. In particular, = es{M), which is 
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computed in line 4, is an order quotient module by Definition 6.1 and ~ £s{Q), 
which is computed in line 5, is an •^-quotient module border prebasis by Defini- 
tion 6.3. 

We now prove that A4 is an order module characterizing . As [/ is generated 
by Q according to Corollary 2.17, Lemma 6.9 shows that 

We write = {iie^j, . . . ,t^ea } with /.j e N, terms ti,. . . ,t^, G T", and indices 
ai, . . . G {1, . . . , r}. Let i, j G {1, ■ . ■ , n} be such that 

tiSa, + S ^ esiUea,) = esitjCa^) = tjCaj + S. 

According to the definition of U and the considerations above, we then have 

tiCa, - tjCa, G 5 n {M)k C [/ n {M)k- 

As g is the A4-modulc border basis of U, Corollary 2.19 yields i^eQ. = tjCaj ■ Hence 
it follows that the restriction EsIa^ is injective and thus M is an order module 
characterizing A^"^ = ^^(A^) by Definition 6.6. 

If we show that Q C P'' is the Al-module border prebasis characterizing C /S, 
Theorem 6.10 yields that is the Al'^-quotient module border basis of U^' . We 
write DM = {bicp^, . . . jbu^ep^} with cj G N, terms bi,...,b^ G T" and indices 
Pi, . . . ,j3^ G {1, . . . , r}. Additionally, we write Q = {Qi, . . . ^Gui} with 

1=1 

where cij, . . . , c^^j G K for all j G {1, . . . , w}. Let v,w G {1, . . . , z^} be such that 

bv^/s^ + S — bwEp^^ + S. 

Then we have 

byGp^ — b^ep^ e S CU. 

Since 

Gv - Gw = byEp^ - bwep^ - ^(cii, - Ciu,)tieai G (G) = U, 

i=l 

it follows that 

A* 

U = ^(-Ciu + Ci.w)Ueai + U. 

1=1 

As G is the A^-module border basis of J7, this equation yields = for all 
i G {l,...,/i} by Definition 2.13. Altogether, Definition 6.7 yields that G is the 
Al-module border prebasis characterizing G^ ■ In particular, G^ is the 7W '^-quotient 
module border basis of {G^) = by Theorem 6.10. □ 

Example 6.15. Let K = Q, P = Q[x,y], a = DegRevLex, and {61,62} be the 
canonical P- module basis of P^. Moreover, we let 

S = (Si) = {{x + y + 1, -X + y)) C P^ 

and 

U'"^ = {Bi + S,...,B4 + S) c P^/S 

with 

{61, . . . , B4} - {(-2, 3x - 1), (3x + 4, 262), (0, y - 1), (2/ - 1, 0)}. 
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Like in Example 5.4, we have 

codimKiiBi, ...,Bi) + F'-) = codimK((Si, ...,64, P'^) < ex., 

i. e. the requirements of the Quotient Module Border Bases Algorithm 4 are satisfied. 

We now take a closer look at the steps of Algorithm 4 applied to {Bi, . . . , B4}, 
{Si], and a. We see that the construction of S in line 1 and of £5 in line 2 coincides 
with our definitions of S and £5. In line 3, we apply the Module Border Basis 
Algorithm 3 to {Bi, . . . ,i34,iSi} and a. As we have already seen in Example 5.4, 
the result of Algorithm 5.3 applied to this input data is the order module 

X ={61,62} (61,62) 

and the A^-module border basis Q = {Qi, . . . , Q4} C with 

Ql ^ Xei + |6i + §62, 

02 = a;e2 - fei - §62, 
Gs = yei - 61, 

Gi = 2/62 - 62 

of {Bi, . . . jBijSi). Line 4 now yields the order quotient module 

= es{M) = {ei + S,e2 + S}C P^S 

and the A^'^-quotient module border prebasis ~ Ss{Q) — {Gi , ■ . ■ , G4} ^ / S 
with 



Gf 


= esiGi) 


= xei 


+ |6l 


+ §62- 


\-s, 


Gl 


= £5(^2) 


= xe2 




- 562 - 




Gi 


= £5(^3) 


= 2/61 


-61 + 


s, 




g! 


= £5(^4) 


= y62 


- 62 + 


s. 





Then the algorithm returns {J^^,G^) and stops. 

According to Corollary 6.14, is the A^'^-quotient module border basis of . 
Note that this result coincides with Example 6.11 

At last, we now derive characterizations of quotient module border bases from 
Theorem 6.10 and from the characterizations of module border bases in Section 4. 

Corollary 6.16. (Quotient Module Border Bases and Special Generation) 

Suppose there exists an order module M C T"(ei, . . . , 6^) characterizing Ai^ and 
let Q = {Git ■ ■ ,Guj} C P^ be the M-module border prebasis characterizing 
like in Definition 6.7. Then the A4^ -quotient module border prebasis G^ is the 
-quotient module border basis of (G^) if and only if S {Q) and the following 
equivalent conditions are satisfied. 

Ai) For every vector V G (G) \ {0}, there exist polynomials pi, . . . ,p^ G P such 
that 

V ^PiGi-\ ^PuGi^ 

and 

deg(pj ) < mdM{V) - 1 

for all j G {1, . . . , w} with pj ^ 0. 
A2) For every vector V G (G) \ {0}, there exist polynomials pi, . . . ,p^ G P such 
that 



V ^PiGi H VPuGl 
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and 



niax{deg(pj) | j £ {1, . . .,uj},pj ^ 0} = indA4(V) - 1. 



Proof. This corollary is a direct consequence of Theorem 4.1 and Theorem 6.10. □ 

Corollary 6.17. (Quotient Module Border Bases and Border Form Mod- 
ules) 

Suppose there exists an order module Ai C T"(ei, . . . , e^) eharacterizing and 
let Q — {Qit ■ ■ tGu)} C P'' he the M-module border prebasis characterizing 
like in Definition 6.7. Then the A4^ -quotient module border prebasis is the 
-quotient module border basis of (G^) if and only if S (t/) and the following 
equivalent conditions are satisfied. 

Bi) For every V G {Q) \ {0}, we have 



Proof. This corollary is a direct consequence of Theorem 4.3 and Theorem 6.10. □ 

Corollary 6.18. (Quotient Module Border Bases and Rewrite Rules) 

Suppose there exists an order module A4 C T"(ei, . . . , e^) characterizing A4^ and 
let Q ~ {Qit ■ ■ tQlo} C P'" be the A4-module border prebasis characterizing 
like in Definition 6.7. Then the Ad^ -quotient module border prebasis is the 
-quotient module border basis of {Q^) if and only if S Q {Q) and the following 
equivalent conditions are satisfied. 

Ci) For all V £ P^ we have V if and only if V £ {Q) . 

C2) IfVG (Q) is irreducible with respect to then we have V = 0. 

C3) For all V G P^ , there is a unique vector W G P'' such that V W and W 

is irreducible with respect to 
C4) The rewrite relation is confluent. 

Proof. This corollary is a direct consequence of Theorem 4.8 and Theorem 6.10. □ 

Corollary 6.19. (Quotient Module Border Bases and Commuting Matri- 
ces) 

Suppose that there exists an order module Ai C T"(ei, . . . , e^} characterizing Ai^ 
and let Q = {Qi, . ■ . tQu>} C P"^ be the Ai-module border prebasis corresponding 
to like in Definition 6.7. For all s G {1, . . . , n}, we define the map 



Then the Ai^ -quotient module border prebasis is the Ai^ -quotient module border 
basis of (G^) if and only if S Q {Q) and the following equivalent conditions are 
satisfied. 

Di) The formal multiplication matrices Xi, . . . , X„ G Mat^(/<') of Q are pairwise 
commuting. 

D2) The following equations are satisfied for every p G {1, . . . , and for every 
s, u G {1, . . . , n} with s ^ u. 



Supp(BFa^(V)) CT"(ei,...,e,)\.M. 



B2) We have 



BFmUG)) = (BFA4(ei),...,BF^(a^)) = {b,ep 



'1 1 
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1) If XsUea, = tjCa^, XuUeai = bkBp^, and Xghkep^ = bgep^ with indices 
hj £ {li • ■ • : A*} OL'f^d fc, £ g {1, . . . , w}, we have 

m£{l,...,/i} m£{l,...,/j} 

2) If XstiCai = bjCp- and XuUea- ~ bkej3^ with indices i € and 
J, fc G {1, . . . , oj}, we /lawe 

m6{l,...,/i} mg{l,...,/j} 
mg{l,...,/j} me{l 

If the equivalent conditions are satisfied, for all s G the formal mul- 

tiplication matrix Xs represents the multiplication endomorphism of the K-vector 
space {P''/S)/{Q^) defined by + (G) ^ XsV^ + {Q), where e P''/S, with 
respect to the K-vector space basis e(^gs-^{A4^) C {P^ / S)/ {G^) ■ 

Proof. This corollary is a direct consequence of Theorem 4.13 and Theorem 6.10. 

□ 

Corollary 6.20. (Quotient Module Border Bases and Liftings of Border 
Syzygies) 

Suppose there exists an order module Ai C T"(ei, . . . , e^) characterizing Ai^ and 
let G = {Gi, ■ ■ ■ ,Glu} ^ P^ be the Ai-module border prebasis characterizing G^ 
like in Definition 6.7. Then the Ai^ -quotient module border prebasis G^ is the 
-quotient module border basis of {G^) if and only if S C. [G) and the following 
equivalent conditions are satisfied. 
El) Every border syzygy with respect to A4 lifts to a syzygy of [Gi, ■ ■ . ,Guj)- 
E2) Every neighbor syzygy with respect to A4 lifts to a syzygy of {Gi, ■ ■ ■ ,Guj)- 

Proof. This corollary is a direct consequence of Theorem 4.20 and Theorem 6.10. 

□ 

Corollary 6.21. (Buchberger's Criterion for Quotient Module Border 
Bases) 

Suppose there exists an order module Ai C T"(ei, . . . , e^) characterizing Ai^ and 
let G = {Gi, ■ ■ ■ ,Guj} ^ P^ be the Ai-module border prebasis characterizing G^ 
like in Definition 6.7. Then the Ai^ -quotient module border prebasis G^ is the 
A4^ -quotient module border basis of {G^) if and only if S {G) and the following 
equivalent conditions are satisfied. 

Fi) We have NRg{S{G^,Gj)) = for all i,j G {1, . . .,lu}. 

F2) We have NRc;(S(C/i, f/j)) = for all i,j G {l,...,io} such that the border 
terms bie0-,bje/3^ G dA4 are neighbors with respect to Ai. 

Proof. This corollary is a direct consequence of Theorem 4.22 and Theorem 6.10. 

□ 

7. SuBiDEAL Border Bases 

In this final section, we apply the theory of quotient module border bases in- 
troduced in Section 6 to the theory of subideal border bases of zero-dimensional 
ideals, which have been recently introduced in [KPll]. To this end, we show that 
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every subideal border basis is isomorphic to a quotient module border basis in 
Proposition 7.3. Using this isomorphy, we can apply all the results of Section 6 
to subideal border bases and get the following new results about subideal border 
bases. We start to deduce an algorithm that computes subideal border bases for an 
arbitrary zero-dimensional ideal in Corollary 7.4 and that does not need to com- 
pute any Grobner basis. By now, the only way to compute an arbitrary subideal 
border basis has been given in [KPll, Section 6] and requires the computation of 
a Grobner basis. After that, wc deduce characterizations of subideal border bases 
in Remark 7.7 that have not been proven in [KPll]. In particular, this yields an 
alternative proof of the characterization of subideal border bases via the special 
generation property, which has already been proven in [KPll, Coro. 3.6], and we 
get the new characterizations via border form modules, via rewrite rules, via com- 
muting matrices, via liftings of border syzygies, and via Buchberger's Criterion for 
Subideal Border Bases. 

Similar to the previous sections, wc fix some notation. We let J = {F) C P be the 
ideal in P generated by the set F = {/i, . . . , fr} C P \ {0} where r £ N. Recall, for 
every P-modulc Af (respectively iiT-vector space) and every P-submodulc U ^ M 
(respectively A'- vector subspace), we let 

eu ■ M ^ M /U, m + U 

be the canonical P-module epimorphism (if- vector space epimorphism). 

We start to recall the definition of an O^^-order ideal, its border, and of an 
OF-subideal border basis as introduced in [KPll, Dcfn. 2.1] and [KPll, Dcfn. 2.7]. 

Definition 7.1. Let d, . . . , 0,^ ^ T" be order ideals. 

a) We caU the set 

= Oi ■ /i u • • • u a • C J 

an P-order ideal. 

b) Let Of = Oi/i U • • • U Orfr C J be an P-order ideal. Then we call the set 

dOp ^dOi- fiU---UdOr- frQJ 
the (first) border of Op- 

Definition 7.2. Let Op ~ Ci/i U • • ■ U O, /,- C J be an P-order ideal where we 
let Oi, . . . ,Or C T" be finite order ideals. We write Op = {tifai , • • • , tiifa^} and 
dOp ~ {6i//3j, . . . , hyfp^} with e N, terms ti,hj G T", and ai,(3j G {1, . . . , r} 
for alH G {1, . . . , ^JL} and j £ {1, . . . , v}. 

a) A set of polynomials G = {.gi, . . . , g^} C J is called an O^-subideal border 
prebasis if the polynomials have the form 

i=l 

with Cij G K for alH G {1, . . . , /i} and j G {1, . . . , i^}. 

b) Let G = {gi, . . . , f/i,} be an O^-subideal border prebasis. We call G an 
Oi?-subideal border basis of the ideal / C P if G C J, if the set 

einjiOp) = {hU, + / n J, . . . , tf,u^ + / n J} 

is a AT-vcctor space basis of J/ 1 D J, and if i^Sinj{Op) = /i. 

For the remainder of this section, we always let Of = Ci/i U • • • U Orfr be an 
P-order ideal with finite order ideals Oi, . . . ,Or Q T". Moreover, we write the 
P-order ideal Op = {hfai, ■ ■ ■ ,tf,fa^,} and its border dOp = {biffi^,...,b^ffi^} 
with /i, G N, terms ti, bj G T", and indices a^, /3j G {1, . . . , r} for alH G {1, . . . , /i} 
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and j G {1, . . . Furthermore, we let G ~ {gi, . . . , g^} C J with polynomials 
9] = bjfp^ - J2i=i CijUfai where G K for alH 6 {1, . . . , /i} and j e {1, . . . , z^} 
be an Oi^-subideal border prebasis. 

We now prove th central result of this section, namely that every subideal border 
prebasis is isomorphic as a P-module to a quotient module border prebasis. 

Proposition 7.3. Let S = Syzp(/i, ...,/,.) C Then 

if : P'^/S A J, ek + S^ fk 

is a P-module isomorphism such that ip^^(OF) ^ P^ / S is an order quotient module 
and (p~^{G) C P^' / S is a if^^ (Op) -quotient module border prebasis. 

Proof. The two maps 

{ei,...,er} ->■ P'', ek^ek 

and 

{ei, . . . ,6^-} ^ J, eu^Sk 
induce the P-modulc cpimorphism 

(p : P'' ^ J, Ck ^ fk 

by the Universal Property of the Free Module. Additionally, we see that S = ker((^) 
and the Isomorphism Theorem induces the P-module isomorphism 

ifi : P75 ^ J, ek + S^ fk. 

Moreover, 

ip'\Of) =Oi{ei + S)U---UOr{er + S) CP'-fS 
is a quotient order module by Definition 6.1 and 

^-HG)^{ip~\gi),...,ip~\g.)}CP^/S 

with 

for all j G {1, ... ,1/} is an iy9~^ (Oi?)-quoticnt module border prebasis according to 
Definition 6.3. □ 

Using the isomorphism constructed in Proposition 7.3, the problem of the com- 
putation of subideal border bases is reduced to the problem of the computation of 
quotient module border bases, which we have already solved in Corollary 6.14. We 
now deduce an algorithm for the computation of subideal border bases from these 
results. 
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Algorithm 5 subidealBB({/ii, . . . , hg}, {/i, . . . , fr}, cr) 

Require: s e N and {hi, . . . , h^} C P \ {0}, 
codimx((/7,i, . . . , hs), P) < oo, 
rGNand {/i, . . . , /J C P \ {0}, 
(T is a degree compatible term ordering on T" 

1: / {hi,...,hs) 
2: J:= (/i,. ..,/.) 

3: Compute C \ {0} such that (^i,...,^^) = Syzp(/i, . . . , /,.), 

where £ e N. 
5:= 

Let(^:P75 A J, + 

Compute e P for all u £ {1, . . . , r} and w 6 {1, . . . , fc}, where fc G N, such 
that / n J = Qvwfv I w e {1, . . . , k}). 

7: for u) = 1, . . . , fc do 

8: J3yj . — ± QVW^V 

9: end for 

10: (X^, g^) := quotModuleBB({6i, . . . , Bk}, {Si,..., Si}, a) 

11: Of := ifiiM'^) 

12: G (^(a^) 

13: return {Of,G) 



Corollary 7.4. (Computation of Subideal Border Bases) 

Let r e N, let F ^ {fi, . . . , U} C P'' \ {0}, and let J ^ (F) C P be an ideal. 
Moreover, let s € N, let I = {hi, . .. ,hs) C P with {hi, . .. ,hs} C P \ {0} 6e a 
zero- dimensional ideal, and let a be a degree compatible term ordering on T". Then 
Algorithm 5 is actually an algorithm and the result 

{Of,G) := suh±dealBB{{hi,...,h,},{fi,...,fr},a) 

of Algorithm 5 applied to the input data {hi, . . . , hs}, {fi, . . . , fr}, and a satisfies 
the following conditions. 

i) The set Of ^ J is an F-order ideal. 

ii) The set G Q J is an Of -subideal border basis of I. 

Proof. We start to prove that the procedure is actually an algorithm. We can 
compute a generating system {Si, . . . ,Si} C P''\{0} with ^ e N of Syzp(/i, . . . , fr) 
in line 3 according to [KROO, Thm. 3.1.8]. Let S = {Si, . . . ,Si) be like in line 4, 
and let 

V? : P75 ^ J, Ck + S^ fk 

be like in line 5. Then we see that S and ip coincide with S and ip in Proposition 7.3. 
In particular, </? is a P-module isomorphism. We can compute the polynomials 
Qvw G P for all 7J G {1, . . . , r} and w G {1, . . . , fc}, where fc G N, such that 

I C] J ^ (^Qvwfv wG {!,..., fc} 

as proposed in line 6 according to [KROO, Prop. 3.2.3]. Thus it only remains to 
prove, that line 10 can be computed. For every w G {1, . . . , fc}, we let 

r 

Bw ^ ^ Qvw^v 
v=l 
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be like in line 8 and we let U'^ ^ {Bi + S, . . . , + S) C P'-fS. 

If we show that codimx iU^,P'/S) < oo, then Corollary 6.14 yields that we can 

compute line 10. The First Noether Isomorphism Theorem yields 

j/i nj ^ I + j/i c p/i. 

As (fi is an P-module isomorphism, and as we have fiU^) = ID J and if{P'^ / S) = J 
by construction, it follows that 

codimK(t/'^, ^75") = codimA'(/ n J, J) < codim/f(/, P) < oo. 

Thus the conditions of Corollary 6.14 are satisfied in line 10. In particular, in line 10, 
it follows that C P^' / S is an order quotient module and that C P^' / S is the 
'^-quotient module border bases of . Thus the claim follows with Definition 7.1 
and Definition 7.2 since is a P-module isomorphism. □ 

Example 7.5. Let A' = Q and P = <Q[x, y].Moreover, let F = {/i, /2} C P \ {0} 
be with 

fi^x-y, f2 = x + y + l, 

let J = (P), let 

I={hi,h2) = {x^ + xy,y-l)CP, 

and let cr = DegRevLex. Then wc have x^,y G LTcr(/), i. e. / C P has finite 
Jf-codimcnsion in P according to the Finiteness Criterion [KROO, Prop. 3.7.1]. 

Wc now take a closer look at the steps of Algorithm 5 applied to {hi, /12}, {/i, /2}, 
and cr. The definition of / and J above obviously coincide with the definition of / 
and J in the lines 1-2. In the lines 3-4, we compute the syzygy module 

S = Syzp(/i, /2) = (Si) = {x + y + l,-x + y)C P^ 

with the help of [KROO, Thm. 3.1.8]. Let {ei, 62} C P^ be the canonical P-module 
basis of the free P-module P^ and let 

if : PyS J, ek + S^fk 
be like in line 5. Then we use [KROO, Prop. 3.2.3] to compute 
qii = -2, qi2 = 32; - 1, 

521 = 3a; + 4, 522 = 2, 

931 = 0, 532 = y - 1, 

qn = y - 1, 542 = 0, 

in line 6. Therefore, we have 

{Si, . . . , S4} = {(-2, 3a; ™ 1), (3a; + 4, 2), (0, y - 1), {y - 1, 0)} C P^ 

after the for-loop in line 7. 

Note that {Pi, . . . ,64}, {Si}, and a is exactly the input data of Algorithm 4 in 
Example 6.15. Thus it follows that 

^{ei + S, e2 + S}CP^/S 

is an order quotient module and = {Qi , ■ ■ ■ , Q4} C P'^/S with 

= a:ei + |ei + §62 + S, 

Qi = a;e2 - fei - \e2 + S, 

si = yei - ei + S, 

Gi = ye2 -62 + 5'. 
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is the •^-quotient module border basis of {Bi + S, . . . ,84 + S) as computed in 
line 10. Altogether, we compute 

Of = ^{M'') = {hJ2} C J 

in line 11 and 

G = ^(e^) = {<^(gf),...,^(^f)}c J 

with 

in line 12. 

According to Corollary 7.4, the set Oi? C J is an F-order ideal and G C J is an 
OF-subideal border basis of /. 

As Remark 6.4 has already shown for quotient module border bases, we cannot 
hope to reuse all results of module border bases in a straightforward for subideal 
border bases. The following remark explicitly shows some of these problems — using 
the examples of a Oi?-indcx similar to Definition 2.10 and of a subideal border 
division algorithm similar to Theorem 2.14 — and compares these concepts with the 
corresponding concepts introduced in [KPll]. 

Remark 7.6. Using the isomorphism in Proposition 7.3, we can try to define 
and proof the concepts about module border bases for subideal border bases as 
described in Remark 6.13. Unfortunately, there are the same problems, e.g. this 
construction does not yield an O^-index that is well-defined for any arbitrary poly- 
nomial p £ J. 

But one can also define some of the concepts directly as it has been done in [KPll]. 
In that paper, many concepts we have seen in Section 2 have directly been in- 
troduced for subideal border bases, e.g. an Oj^-index, a Subideal Border Division 
Algorithm, a normal remainder, and a characterization of subideal border bases via 
the special generation property. 

In the author's master's thesis [Krill], several other characterizations have been 
proven following the approach of [KPll], e. g. a direct version of characterizations 
via border form modules, via rewrite rules, via liftings of border syzygies, and via 
Buchberger's Criterion. 

Although we cannot define all the concepts that we introduced in Part 1 for 
subideal border bases according to Remark 7.6, we can characterize subideal border 
bases via the isomorphism constructed in Proposition 7.3 the same way we have 
characterized quotient module border bases in Section 6. In particular, this yields 
a new proof of the characterization via special generation, which has first been 
proven in [KPll. Coro. 3.6], and new characterizations via border form modules, 
via rewrite rules, via commuting matrices, via liftings of border syzygies and via (a 
weaker version of) Buchberger's Criterion for Subideal Border Bases for Subideal 
Border Bases. 

Remark 7.7. (Characterizations of Subideal Border Bases) 

Using the isomorphism in Proposition 7.3, all the characterizations of quotient 
module border bases in Section 6 immediately yield analogous characterizations of 



= xfi + |/i + I/2, 
= xf2 - f /i - 5/2, 
= yfi - fi, 
= yf2 - /2 
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subideal border bases. In particular, we can characterize subideal border bases via 
the following properties: 

A) special generation, cf. Corollary 6.16, 

B) border form modules, cf. Corollary 6.17, 

C) rewrite rules, cf. Corollary 6.18, 

D) commuting matrices, cf. Corollary 6.19, 

E) liftings of border syszygies, cf. Corollary 6.20, 

F) Buchberger's Criterion for Subideal Border Bases, cf. CoroUary 6.21. 
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